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1 | INTRODUCTION

There is a long-standing debate as to whether the nonnormal stable laws or Student ¢ distributions are a better description
of the unconditional distribution of financial asset returns. Initially, (Mandelbrot, 1963) advanced the stable distributions
as these display a heavy tail and scaling properties that are so characteristic for asset return data. Later it was realized that
other distributions, like the Student ¢ class, also exhibit the heavy-tail property in the sense of a power law, but do not
require an infinite variance. Student ¢ distributions do not possess the self-scaling property globally; however, the tails of
these distributions are nevertheless self-scaling. This follows from Feller's convolution theorem (1971, Section VIII, 8).
The convolution theorem holds that for any distribution with a tail that is regularly varying—that is, exhibits a power
law—the tail probability of the sum of independent variables is equal to the sum of the tail probabilities. The application
of these two types of distribution in finance comprises a wide range of literature, (e.g., Blattberg & Gonedes, 1974; Fama &
Miller, 1972; Hagerman, 1978; Jorion, 1996; McCulloch, 1997; Nolan, 2003; Stoyanov, Rachev, Racheva-Iotova, & Fabozzi,
2011; Tsionas, 2002). Campbell, Lo, and MacKinlay (1997) argue in their textbook that the Student ¢ class is preferred
over the stable class because data seem to point to finite second moments. But whether moments are bounded or not is
difficult to check as empirical results are all bounded in any finite dataset.

Empirical comparisons of the two types of distribution are also found in the literature. Blattberg and Gonedes (1974),
for example, use the likelihood ratio and conclude that the Student ¢ distribution provides a better empirical description of
asset returns than the stable laws. The likelihood approach has two drawbacks. First, there only exists an approximation
of the likelihood function for the stable distribution since there is no explicit functional form for the probability density
function. Second, the likelihood assigns the same weight to each of the observations, regardless of whether these are from
the tail or in the center of the distribution. Lau and Lau (1993) argue that this type of test is unreliable for testing the stable
hypothesis, as the tail data are underweighted. Furthermore, McCulloch (1997) notes that tail index estimates in excess
of two are expected for stable distributed data with a true tail index of around 1.65. The tail index reflects the power in the
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power law expansion of the tail of the distribution; it is also one-to-one with the number of bounded moments (degrees
of freedom in the case of the Student distribution). Thus, according to McCulloch, the stable data have the appearance
of finite-variance Student t-like data (with degrees of freedom larger than two!). Unlike Blattberg and Gonedes (1974),
Shao, Yu, and Yu (2001) produce a new test statistic by assigning more weight to the observations in the tail than in the
center. Their test fails to reject the distributions with finite variance in smaller samples, but in the larger sample the finite
variance models are rejected. A disadvantage of their approach is that the alternatives are not nested, whereas in our tail
approach the alternatives are nested. There also exists a considerable literature that combines the unconditional heavy tail
feature of the data with the conditional volatility clustering. In generalized autoregressive conditional heteroscedasticity
(GARCH) models, the distribution of the innovations can have either normal-like tails or heavy tails, but the distribution
of the stationary solution is “necessarily” heavy tailed. Paolella (2016) reports evidence against GARCH-type models with
stable innovations, but Student ¢ distributed innovations are commonly used in the literature. Thus the literature finds that
while (the range of) values of the tail shape parameters of the two laws are theoretically distinct, the empirical estimates
may Cross.

This paper explains how the confusion about the tail shape parameters in the existing literature arises from opposing
biases of the tail parameter estimates. We examine this issue theoretically by means of the higher-order tail expansions
of stable and Student ¢ distributions. We then propose to exploit the opposite signs of the bias in the Hill estimator? to
discriminate empirically between the two models. In addition, we also investigate the unconditional tail behavior of the
GARCH models. The implied tail shape and bias that the GARCH data induce is compared with the tail features implied
by the two unconditional laws.

By far the more popular tail index estimator is the Hill estimator. We show that the two classes of distribution induce a
bias in the Hill estimator with opposing signs. The tails of both types of distribution are characterized by a power shape,
as holds for the Pareto distribution. The tail shape is governed by a parameter that is generally known as the tail index.
This tail index equals the characteristic exponent of the infinite-variance stable class and the degrees of freedom of the
finite-variance Student ¢ class. The former class has a tail index below two, and the latter one has a tail index above two.
The two intervals do not overlap, but the estimates do cross in practice. The crossing is responsible for the confusion in
the literature.

In Figure 1 we have applied the Hill estimator to simulated data from both laws. The x-axis indicates the number of
upper-order statistics that are used to calculate the Hill estimator. This gives the so-called Hill plot. From the figure, one
sees that the tail index estimate from the Student ¢ model quickly dives below its true value once more extreme-order
statistics are included in the estimation. Eventually the average of the estimates even falls below two. The tail index
estimates from the stable model are instead hump shaped and the top of the hump is larger than two. Below, we formally
derive the shape of the bias in the Hill plot under the two laws. The biases are such that if one goes too deep into the center
of distribution by using relatively many higher-order statistics, the Hill estimator applied to sum stable data may exceed
two, while it can fall below two if the data in fact come from a Student ¢ distribution. The latter conclusion also applies
to data generated by GARCH-like processes with bounded unconditional second moment. This “comedy of biases” has
confused the empirical literature (see the above citations), but can be exploited to become a blessing in disguise.

The ways in which these biases behave are used to discriminate between the two classes of distribution by means of the
shape of the Hill plot. Rather than relying on a particular point estimate, we propose that one first uses the shape of the
Hill plot to identify the type of distribution. For a stable distribution with tail index between one and two, the Hill plot
first displays an upward bias, but eventually the plot turns downward, producing a hump-shaped graph. As one goes too
deep into the center of the Student ¢ distribution, the Hill plot declines more or less monotonically, yielding a one-way
downward bias. Thus a monotonic decline points to Student ¢ data, while the hump shape is revealing for data generated
by a stable distribution. Once one knows the distribution class, one can correct the bias. For Student ¢ data this will be an
upward correction, whereas stable data require a downward correction (to at least a value below two).

The identification procedure through the Hill plot is further supported by the application of a hitherto unused sign
estimator for the bias term. Ferreira and Vries (2004) introduced an estimator for the sign of the second-order scale term
in the expansion of the tail of the distribution. The opposing behavior of the Hill plots directly relates to the opposite signs
of the second-order tail terms of the two types of distribution. The sign estimates together with the shape of the Hill plots
suggest that the unconditional distribution of financial asset returns resemble Student ¢ distributed data rather than data
generated by a stable distribution.

Tn the remainder of this paper, we only focus on the Student ¢ distribution with degrees of freedom larger than two—that is, with finite variance.
2The Hill estimator is a nonparametric extreme-value based estimator that uses only the more extreme-order statistics to estimate the tail index.
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FIGURE1 Hill plot: stable 1.7 and Student ¢ 3. This figure depicts the Hill estimates for the stable distribution with tail index 1.7 and the
Student ¢ distribution with tail index 3 against the number of upper-order statistics used. The sample size is n = 10*. Using pseudo random
numbers, we draw 500 different samples. This figure gives the pointwise average estimate of tail index over these samples [Colour figure can
be viewed at wileyonlinelibrary.com]|

Financial asset returns are also well known to display clusters of volatility. GARCH models are one of the most popular
econometric models to capture this feature. A surprising consequence is that the stationary solution implied by GARCH
models displays heavy tails (see Davis & Mikosch, 2009; de Haan, Resnick, Rootzén, & de Vries, 1989; Goldie, 1991), even
if the innovations are normally distributed. We show that the GARCH(1, 1) process with normal innovations exhibits a
downward bias in the Hill plot, analogous to the case of the Student ¢ distribution.

The rest of the paper is organized as follows. In Section 2 we introduce the second-order tail approximation for the
competing classes of distributions. This enables us to deduce the asymptotic bias and mean squared error of the Hill
estimator and a competing tail index estimator. Simulations in Section 3 illustrate the opposing bias patterns of the tail
index estimators as more and more of the tail data are used. The different shapes of Hill plot for these two types of
distribution are explained analytically in Section 4. To investigate the robustness of our results, we determine the direction
of the bias in an alternative way by means of a sign estimator in Section 5. In Section 6 we discuss the Hill bias of the
GARCH(1, 1) process with normal innovations. Section 7, concludes.

2 | SECOND-ORDER THEORY
Suppose the distribution of tails satisfies the following approximation:

F)=1-ax*[1+bx?+0(x?)], p>0, asx— oo. (1)

The first term is analogous to the power of a Pareto distribution. Both the symmetric stable distribution with 1 < @ < 2
and the Student ¢ distribution with degrees of freedom a > 2 satisfy this approximation and an analogous expansion for
the left tail. The four parameters for stable and Student ¢ classes are displayed in Table 1.

Note that b > 0 for the stable class if « € (1,2), whereas b < 0 for the Student ¢ class. This sign difference for the
second-order scale parameter is responsible for the opposite bias behavior of the two laws when estimating the first-order
tail index a. We propose to exploit this property in order to discriminate between the two rival distribution classes.

2.1 | Hill estimator

Consider the Hill estimator. It attains the best possible rate for the asymptotic mean squared error (AMSE) within the
classes of distributions of Equation 1 (see Goldie & Smith, 1987; Hall & Welsh, 1984). It is defined as follows.
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TABLE1 Parameters under the
second-order tail approximation

Stable Student
o 1,2) (2,4+)
b« 2
e
a rsin(%) - 1) o
T 2 ar r(%)
_ 1 I'@asin(an) _ ol
2 r@psin( %) e

Let {Xy,- - -, X, } be a sample of size n independent® and identically distributed (i.i.d.) random variables with common
cumulative distribution function (c.d.f.) F (x) which satisfies Equation 1. Consider the descending order statistics from
this sample around a given threshold s:

Xy 2Xey 22 Xmy) > 52 Ximy 2 -+ 2 X
Denote by A the set of indices for those order statistics which strictly exceed threshold s:
A={ilX;>s, i=1,---,n}. 2)
Note that the number of elements in A is random if the threshold s is fixed before sampling. The number of elements is

then denoted by m (s) to reveal its dependence on the threshold choice. The indicator function 1geq; takes the value of 1
when X; is in A and 0 otherwise.

Define the empirical conditional first logarithmic moment from the sample X, ... , Xm):
m
1 X
u@s)=—)y log—, 3
®) m; g~ 3)

where u = 0 if A is empty. The u(s) statistic is the so-called Hill estimator (see Hill, 1975).
The first two asymptotic moments of the estimator are given in the following two lemmas.

Lemma 1. For the class of random variables with distributions that satisfy Equation 1, and letting si /n — 0, 5, - o
asn — oo, the asymptotic bias of the statistic u is

Ey [M (Sn) — %] = —bﬁs,]ﬂ +o0 <s;ﬂ> . (4)

Proof. See Goldie and Smith (1987). O

From this lemma, it is clear that the sign of the second-order scale parameter b determines the sign of the bias. In par-
ticular, we demonstrate that the estimate of the inverse tail index 1/« is upward biased for Student ¢ class and downward
biased for stable class. Often the tail index « is plotted rather than its inverse; in that case the Hill estimate is downward
biased for Student ¢ case and hump-shaped upward biased for stable distribution, as shown in Figure 1.

Furthermore, the second asymptotic moment is in Lemma 2.

Lemma 2. Consider the class of random variables with distributions that satisfy Equation 1. Let s /n — 0, s, — o0 as
n — oo, then the asymptotic variance of the statistic u is

a

vary [u(sn)—l]z Sn +0<S—Z>. (%)

a ana? n

Proof. See Goldie and Smith (1987). O

3The independence is not crucial (see Resnick & Stirica, 1998).
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2.2 | Optimal threshold levels

For either estimator, one needs to select the optimal threshold level s. We first investigate the theoretically optimal level.
Upon combining the variance from Equation 5 with the bias squared from Equation 4, we obtain the AMSE:

1 S,
n

202
b’p s

AMSE (u(sy)) = m n

aa?

It is optimal to let the threshold s depend on the sample size n in such a way that both parts vanish at the same rate. As
n — o,s, = o0, and the two terms in the AMSE are balanced and the AMSE vanishes at the best possible rate.

Proposition 1. For n sufficiently large, the unique AMSE-minimizing asymptotic threshold s, is

203 1:5
En — [M] ﬁna+2ﬁ’ (6)
a(a + p)?

and the associated minimal AMSE is
AMSE [u (5,)]

11 1][ 2ap28® |77 _» g (7)
=—|l-+=||— n2ﬁ+a+o<n 2/’“).
aa [a 28] |a(a+ p)

Proof. The optimal rate 5, is determined from the first-order condition )AMSE/0s,, = 0, and the associated minimal
AMSE can be derived by substituting the value of the optimal rate s, in the AMSE. O

The overbars in Equations 6 and 7 reflect that the choice of s, sequence that minimizes the AMSE. The result in Hall and
Welsh (1984) shows that this rate cannot be improved upon by other estimators for distributions in the class of Equation 1.

In the practical implementation of the estimators, it is more convenient to replace the threshold s by a higher-order
statistic X(n4+1). Since 1 — F(s) = as™® [1 +0 (S_ﬂ )], the following result for the number of upper-order statistics is
immediate:

a
_» 2ab?p3 |
n #«m(s, —a 4

a(a + ﬁ)2

®)

with probability 1 as n — oo.
If the data come from a symmetric stable distribution, the optimal number of order statistics (Equation 8) in the case
of the Hill estimator is

2ab*p? =
m~a|l——— N+ =
a(a + p)
-1/3

(' (2a))*(sin (ax))* 2
anm<%>

- gF(a)sin(ﬂ> 1
b1 2 V3

Alternatively, if the data come from a Student ¢ distribution, the optimal number of order statistics for the Hill estimator is

a

atl atl ) L (5+a)/2 2|
. F<2> s F(Z)a (@+1)

aﬂ@a * F(%) \/E(a+2)4

Table 2 lists the optimal number of upper-order statistics m supposing that n = 5,000, 10,000 and 20,000, to reflect the
case of absolute values, that is, when both tails are combined in the case of symmetric distributions. For the stable class,
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TABLE 2 Optimal m for Hill estimator

Stable Student
o 1.5 17 18 19 25 3 4 6

n=5000 92 47 31 17 121 &9 55 30
n=10,000 146 74 49 27 186 132 78 40
n=20,000 232 117 78 43 285 196 110 53

the number m decreases to zero as the tails become thinner (one approaches the normal distribution). At the other end
of the spectrum (the case of Cauchy distribution), m approaches n.

Early literature on the estimation of the stable distribution parameters, (see, e.g., DuMouchel, 1983), suggests that the
choice of sample fraction to estimate the tail index should be about 10%. The 10% rule is often followed in the literature
when applied to the Hill estimator (see, e.g., Quintos, Fan, & Phillips, 2001; Ibragimov, Ibragimov, & Kattuman, 2013).
Sometimes an even larger number m is chosen such that the tail region comprises 30-40% of the entire sample size (see,
e.g., Dufour & Kim, 2010; Mittnik, Paolella, & Rachev, 1998). However, our results suggest that one should use a relatively
small number rather than a large number of upper-order statistics.

For the Student ¢ class, the closer one gets to the normal distribution (higher degrees of freedom), the fewer observations
one should use. So for both models, it holds that the closer the law is to the normal distribution, the fewer order statistics
should be used in estimating . The n = 5,000 case is comparable to the 20-year series of daily financial returns that is
used in the later sections.

3 | THE SHAPES OF HILL PLOTS

In this section, we first perform simulations for both estimators and compare the Hill plots for the simulated data of the
competing distributions.

3.1 | Simulation experiments: Stable distribution

We use a simulated sample size n = 10* and replicate this 500 times to obtain an average estimate of the tail index. For
any given number of order statistics used in the Hill estimator, the average of the estimates across 500 samples proxies
the mean of the estimator. Thus, by plotting the averaged estimate against the number of order statistics used, we capture
the bias of the Hill estimator.

Recall that the Hill estimator for « of the stable model is upward biased. The thick continuous curves in Figure 2 are the
averaged Hill plots for two particular « values: 1.7 and 1.9. For estimates of each «, the Hill plot first displays an upward
bias, but eventually turns down, producing a hump-shaped graph. Notably, the hump shape is clearly discernible for the
tail index value of 1.9.

Given the expression for the bias in Equation 4, one can correct the bias of the Hill estimator as follows:

bp

—p
@+ p)n ©)

a(sy) =u(sy) +

The dashed black curves in Figure 2 are the second-order bias-corrected Hill plots. The Hill bias is not important at
low values of @ and becomes more pronounced as a tends to 2 (normal distribution). The second-order bias corrections
improve the Hill estimates. The bias-corrected plots, however, still exhibit a hump shape, particularly for the case &« = 1.9.

Using the optimal number of upper-order statistics presented from Table 2, we report the bias and RMSE of « (for
a sample size of 10,000 and 500 rounds of simulations) before and after second-order bias adjustment in Table 3. One
observes that for both stable distributions, although the second-order bias adjustment reduces the bias, the bias-adjusted
Hill estimates are still upward biased. The higher-order terms of the tail expansion are responsible for this phenomenon,
as we argue in Section 4.

3.2 | Simulation experiments: Student ¢ distribution

Similarly, for the case of Student ¢ distribution, we also perform simulations with sample size n = 10*. There are 500
replications to obtain an average estimate of tail index a for different number of order statistics. Recall that the Hill
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FIGURE 2 Hill plot and second-order bias correction: stable [Colour figure can be viewed at wileyonlinelibrary.com]
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TABLE 3 Bias and RMSE comparison before and after second-order

bias adjustment

Bias RMSE
Stable 1.7 0.167 0.274
Stable 1.9 0.452 0.689
Studentt3 —0.202 0.311
Studentt4 —0.420 0.575
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FIGURE 3 Hill plot and second-order bias correction: Student t [Colour figure can be viewed at wileyonlinelibrary.com]

estimator for « of the Student ¢t model is downward biased (upward for 1/a). The thick continuous curves in Figure 3
depict this bias behavior with Hill plots for the cases @ = 3 and 4.

Again, we can apply the bias correction from Equation 4; see the dashed black curves in Figure 3. We observe that the
Hill estimates are improved by the second-order bias correction in the upper tail region. However, the bias correction
leads to an overestimation of the tail index if one uses too many order statistics.

We use the optimal number of upper-order statistics presented in Table 2 to report the bias and RMSE of « (for sample
size of 10,000 and 500 rounds simulations) before and after second-order bias adjustment (see Table 3). One observes
that the bias adjustment improves both bias and RMSE. Note that the bias sign flipped after the bias adjustment for both
distributions. This is related to the higher-order terms in the tail expansion in Section 4.
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4 | HIGHER-ORDER THEORY

From the simulation experiments in Subsections 3.1 and 3.2, we observed that the Hill plots of the stable distribution
and Student distribution exhibit different shapes. The second-order bias correction improves the Hill estimates. The
bias-corrected Hill plots for the stable distribution (¢ = 1.7, 1.9) nevertheless retain the hump shape, whereas it leads
to overestimation for the Student ¢ distribution (« = 3,4), as a larger number of upper statistics are used. We provide a
theoretical explanation for these phenomena using a higher-order tail approximation.

Consider the third-order tail approximation

(10)

Fx)=1-ax* [1 +bx7P 4 ex +o(x'7)] , asXx — oo,

where y is the third-order index and c is the third-order scale parameter. The values for the two classes of distribution are
given in Table 4. The detailed derivations can be found in the Appendices Al and A2. In what follows, the corresponding
asymptotic bias becomes

amn

b _ c _ _
Ea [u (5n) = i] _— f— ﬂ)snﬁ ala 7—/# y)S"y tols).
Under the second-order tail approximation, we showed that the sign of the second-order scale parameter b determines
the sign of Hill bias. Recall that b > 0 for stable distribution, whereas b < 0 for Student ¢ distribution. Under the third-order
tail approximation, both the second-order scale parameter b and third-order scale parameter ¢ determine the bias sign.
Note from Table 4 it follows that y > g for both classes of distribution.
To compare the importance of the bias terms with respect to the threshold s, or number of upper-order statistics, we
consider the ratio between the third- and second-order bias terms

=éﬁ(a+J/) p—r
cyla+p)"

Figure 4 displays the ratio = against the number of order statistics m; that is, increasing m corresponds to a decrease in s.
For both types of distribution, the second-order bias term is the dominant part in the tail, while it becomes less important

TABLE 4 Parameters under the
third-order tail approximation

Stable Student
4 2a 4
. 1 I Ga) sin(32%) @ (a+1)(a+3)
6 I(@) sin(Z) 8 (at4)
2 0
stable 1.7 P — — — Student 4
1.8| — — —stable 1.9 - 02 \\ Student 3
- \
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N
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FIGURE 4 Comparison between the third-order and second-order bias terms [Colour figure can be viewed at wileyonlinelibrary.com]
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as more and more upper-order statistics are used. This phenomenon is more pronounced when the tail index is closer to
2 for the stable case and at higher degrees of freedom for the Student ¢ case.

For the stable distribution, note that ¢ > 0 if & > g, c<O0asa < g, and ¢ = 0 for a = g. Thus the second-order
and third-order scale parameters share a positive sign in the “neighborhood” of the normal distribution, that is, if the
characteristic exponent is close to 2. Therefore, the upward bias in the tail is enhanced by the third-order bias term, which
induces the hump shape in the Hill plot. This explains why the second-order bias-corrected Hill plots for the cases & = 1.7,
1.9 still exhibit a hump-shaped graph.

For the Student ¢ distribution, the scale parameters b > 0 and ¢ < 0. Although the bias is to some extent balanced in
the tail area, the third-order bias term becomes more important as a larger number of upper-order statistics are used. The
upward bias from the third-order term explains the overestimation of the tail index for the second-order bias-corrected
plot close to the center (high m, low s).

Similarly, the higher-order terms can still affect the bias correction in the third-order tail approximation. We derive the
expansion for both types of distribution. The tail of the two types of distribution is as follows:

I
Fx)=1-—ax™" ll +bx P +ex7 + ZC,-x"’i +o(x™)|, a>0, as x— oo, (12)
i=4

where the higher-order index «; and scale parameter C; (i > 2) values are given in Table 5.
The detailed derivations can be found in the Appendix. In what follows, the corresponding asymptotic bias is

1

_ l _ bp -8 _ cy -7 _ Cia; —a; —ay
Ea [u (5n) a] T oala+ ﬂ)sn ala + y)S" ; ala + ai)S" +o(s™). (13)

From Equation 13, the signs of all the scale parameters jointly determine the sign of Hill bias. Particularly for stable

distribution, the term (—1)"! sin(i“T”) determines the sign of ith-order scale parameter C;:

« Ifiisodd, sin(“’T’”) >0asa - 2;
« ifiiseven, —sin(2Z

2)>Oasot—>2.

This implies that for « close to 2 the first Ith-order scale parameters share a positive sign. Hence, for distributions with a
tail index « close to 2, and if s, is sufficiently large, the first I bias terms combine and dominate over the higher-order bias
terms. The large upward bias in the tail induces the hump shape in the Hill plot; moreover, the hump is more pronounced
the closer « is to 2.

For the Student ¢ distribution, the scale parameters flip signs: if i is odd C; > 0, and when i is even C; < 0. The bias is
balanced to some extent when including more high-order bias terms, but the second-order scale parameter dominates.
The Hill plot therefore declines more or less monotonically, yielding a downward bias.

We formalize the above results in the following proposition. The proof also explains the asymptotic behavior in the
left-hand corner of the Hill plots.

Proposition 2. Consider the class of random variables with distribution that satisfy Equation 10. As one uses more and
more of the higher-order statistics in the calculation of the Hill estimator:

o For a symmetric stable distributed random variable a € (1,2), the Hill plot of @ is hump shaped and upward biased.
« For a Student t distributed random variable with a > 2, the Hill plot of @ is declining and downward biased.

Proof. see Appendix A3. O

TABLE 5 Parameters in the tail expansion

Stable Student
a; i-Da 2(i—1)
C, (=1)"! T'(ia) Siﬂ(%” (=D Lai (a+1)- - (a+2i—3)
u il (@) sin(Z) (i-1)!  2il(a+2i-2)

sign(C)) “+” ifa € (@ 2) (=Dt
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FIGURE 5 Hill plot: equities; January 1991 to December 2010 [Colour figure can be viewed at wileyonlinelibrary.com]

5 | AN EMPIRICAL STUDY

One can be agnostic about which model (distribution) to use. Which model is appropriate depends, in part, on the ques-
tions that one asks. In the empirical finance literature, both sum-stable and Student ¢ distributions have been used to
model the unconditional distribution of the returns. With the above apparatus, one can at least try to discriminate between
the two models by using a small number of higher-order statistics in computation of the Hill estimator, as this keeps the
bias of both models small. Moreover, one can try to partially correct for the bias by means of a second-order correction. We
apply these ideas to some stock market data. Furthermore, we also apply the sign estimator by Ferreira and Vries (2004)
to determine which way the bias goes. As we argued above, the two models differ regarding the sign of the second-order
scale parameter. The sign estimator directly tries to capture this feature of the data.

5.1 | Equity

We randomly choose eight equities* from different sectors in the US market and four equity indices—S&P, DAX , Nikkei,
and Hang Seng—from January 1991 to December 2010, giving 5,217 daily returns in total. The data are collected from
DATASTREAM. We also simulate four independent series of observations that follow a stable distribution with « = 1.7
and Student ¢ distribution with @ = 3. The simulated sample size is 5,000. The corresponding Hill plots are displayed in
Figures 5 and 6. For the individual equities, the general tendency appears to be a downward movement as more of the
higher number of order statistics are included, but one could also detect some hump-shape behavior in the case of XOM
and ATT. The Hill plots for the equity indices show a clear downward tendency as the number of order statistics increases,
as in the Student ¢ case.

4The equities are: Gannett CO. (GCI), Exxon Mobile (XOM), Microsoft (MSFT), AT&T (ATT), Harley-Davidson (HOG), DOW, Kimberly-Clark(KMB),
and MGM Resorts International (MGM).
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FIGURE 6 Hill plot: indices; January 1991 to December 2010 [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 6 Financial asset returns sign(b)
CGI XOM MSFT ATT HOG DOW KMB MGM S&P DAX NIK HNG
Whole period — - - - - - - — - — _ _
Subperiod 1 - - - - 4 = — - - — — _
Subperiod 2 - + - - - + - - - - - —
Subperiod 3 = = - - - - + = = — - —
Subperiod4  — - - - + - - + - - - -
Subperiod 5 - - - - - — oL = = — - —

Note. This table presents the sign estimates of b for eight equities and four equity indices.

5.2 | A sign estimator

As discussed in the previous section, the key difference between the two distributions is the sign of the second-order scale
parameter b, which determines the sign of the bias of the Hill estimator. Ferreira and Vries (2004) develop an estimator
for the sign of b. The estimator is defined as follows:

- . 1 -
sign =sign| ——— ) 0; — 0 R 14
gn = sig <bn_an+1i§,l > (14)

where a,, b,, and ¢, are the intermediate sequences such that

a, < b, <c,, Vn, %—we[o,n.

n

The sign estimator is consistent if b, is such that a(bl)\/bn — 00,aS N — 0.

Empirically, we follow the suggestion by Ferreira and Vries (2004) to choose a,, = log(n). Moreover, as introduced in
Section 2, the hump shape of the Hill plot for the stable distribution behaves differently with respect to different tail index
values. To detect the hump shape we choose b, = ¢, = 0.4n/ log(n).

We apply the sign estimator to these eight equities and four stock indices. The top row in Table 6 shows that the
second-order scale parameter b exhibits a negative sign for all asset returns if the entire sample period is used. This yields
the following interpretation. Since the sign estimator is a consistent estimator and a plus or a minus are the only possible
outcomes, the evidence suggests that the asymptotic expansion (Equation 1) for equity returns has b < 0.
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For the application of the binomial test for the sign estimates, it is important to have independent samples. Since equity
returns are driven by common factors, these are not independent. Therefore we split the sample for each stock into five
subsamples and apply the binomial test to these subsamples, rather than applying the test across the different equities.
Since the question is whether the stable or Student law applies, we take p in the binomial distribution equal to 0.5. Suppose
the null hypothesis is that the sign is negative; that is, the probability that the sign of b negative is greater than 0.5. With
five trials, the approximate 95% critical region for the one-tailed test implies rejection in case four or or five pluses are
recorded. Given that the maximum number of recorded pluses is two, the null of a negative sign is not rejected. As a
consequence, these equity returns more likely follow a Student ¢ distribution than a stable distribution.

6 | GARCH

Another stylized fact of the financial asset returns is volatility clustering. The ARCH and GARCH models are designed
to capture these volatility clusters. Meanwhile, the stationary solution of these stochastic processes are distributions that
also exhibit heavy-tailedness even if the innovations do not possess this feature. In this section, we briefly explore the tail
behavior of the stationary solution of the GARCH(1, 1) model and compare the tail shape of that solution with those of
the Student and stable laws. Consider the GARCH(1, 1) stochastic process

Y, = N:H,,
H} = w+38Y2, + tH} |,

where N;areii.d.,o > 0,6 > 0,7 > 0and 6+ < 1. Combine the two equations to obtain a stochastic difference equation:

2 _ 2 2 2
H? = @+ 6N? | H> | + tH?,

15)
=w+ Qt—lth_l

say, and where

Qi1 =7+ 6N,

is a strictly positive random coefficient.

According to the theorem of Kesten (1973), the stationary solution of the process Y7 is heavy-tail distributed (see, e.g.,
Davis & Mikosch, 2009; de Haan et al., 1989; Mikosch & Starica, 2000). The more surprising part of Kesten (1973) is that the
result may even hold if the innovations N come from a distribution that does not exhibit heavy tails; in fact, the distribution
may even have a bounded support. Conjecture that the tail approximation of the stationary distribution accords with the
expansion in the Equation 1. In the case of ARCH(1), the first-order tail index is obtained by de Haan et al. (1989), while
Goldie (1991) obtains the boundaries of the first-order scale parameter. Furthermore, for the GARCH(1, 1) model, Sun
and Zhou (2014) show that if one tries to recover the innovations from a GARCH(1, 1) process one likely finds that these
are heavy tailed even if they are not, due to an inherent bias in the recovery process.

Assume that the tail approximation of the stationary process is as indicated in Equation 1, then we have the following
lemma.

Lemma 3. For the GARCH(1, 1) process with i.i.d. normally distributed innovations, suppose the tail approximation of
Y? satisfies Equation 1, where « is the solution to E[Q“] = 1. Then = 1 and

Kw

bZTQK_H]<O. (16)

Proof. see Appendix A4. O

The asymptotic bias of the Hill estimator is again determined by the sign of second-order scale parameter b. From
Lemma 3, the second-order scale b has a negative sign, implying that the Hill estimate of the GARCH(1, 1) process is
downward biased. This holds regardless of whether the innovations are heavy tailed or not. We perform simulations for
the GARCH(1, 1) by taking the sample size n = 10* replicated 500 times to obtain an average estimate for tail index a = 2x
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FIGURE 7 Hill Plot: GARCH(1,1). Note: We perform simulations for the GARCH(1,1) by taking the sample size n = 10* replicated 500
times to obtain an average estimate for tail index a = 2« at three special cases 6 = 0.07,0.09,0.11 given = = 0.88 [Colour figure can be viewed
at wileyonlinelibrary.com]|

for three special cases § = 0.07,0.09,0.11, given = = 0.88 (see Figure 7). Clearly, the estimates show a downward bias in
comparison with their theoretical values.’

7 | CONCLUSION

To summarize, under the null of a symmetric stable distribution or a Student ¢ distribution, the optimal number of order
statistics for the Hill estimator is quite low. This contrasts with the practice in several empirical studies. For the sta-
ble model, the Hill plot, after first being upward biased, eventually turns down again, delivering a hump-shaped graph.
The hump shape is more pronounced as the stable class approaches the normal distribution. This occurs because more
high-order scale parameters in the tail expansion share the positive sign as a approaches 2. Due to the hump shape there
are two regions that cover the true value of the tail index. The stable law often gives tail estimates that are larger than 2,
conflicting with the stable hypothesis but, due to the downward bias in the case that the Student ¢ model is the correct
law, just the opposite occurs.

This paper proposes to exploit the shape of the bias stemming from the Hill plot to discriminate between these two
classes of distribution. We further propose to apply the sign estimator by Ferreira and Vries (2004) as a test of the two
alternative models. These ideas are subsequently applied to the case of eight equities and four equity indices. The results
indicate that these financial asset returns are more likely to resemble a Student ¢ distribution than a stable distribution.
Lastly, we show that the stationary solution of a GARCH(1, 1) process implies a bias similar to the Student ¢ model.
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APPENDIX A

A.1Tail approximation: Stable distribution

Ibragimov and Linnik (1971) provide the following tail approximation of the probability density function (p.d.f.) of a
symmetric stable distribution:

il (a+1) iar ~la—1
foo= Z( i sin (57 ) + o), 1>

l' ia+1

By integration, one obtains

1-Fe= [ o= —2( Y L e

llxla

B By ) TSt 1
= —F(a)s1n< ) l1+ Z 0 T@ sin(%)x +o(x™"%).

Thus the ith-order tail index a; = (i — 1)a and the ith-order scale parameter has the following form:

(_1)i—1 F(i(l) sin(i%”)

Ci=— —
it I'(a) sin(5)

, 1=2,--1

A.2 Tail approximation: Student ¢ distribution

The p.d.f. of the Student ¢ distribution is as follows:

(et 2175
f) = —2— [1 x—] .
varl(2) @
2
Lety=5.z= “+1 ,asx — oo(y — 0). By a Taylor expansion around zero, we have that

(a+1

L) [ 1]—2 (=)

1+ =—2—

van ( ) y \/aﬂr(%)

_ e CAZ=D o
Varl'(5) 2!

(=2)-(=z—-n+2) ,,
(n—-1)!

gy = V[ +yI™*

¥ [1 + (-2 +

+ +o(y"H|.

This implies the following tail approximation for the p.d.f.:

I (a ! 2 ( + 1)( + 3)
a+l
fx) = o (a+1)[1 a a+1 1, olx o -4

\/Er( ) 2 2! 4
a1l (a+1)-(a+2n-3)

x—2(n=1D) —-2(n-1)
+ o(x .
(n—-1)! 2n-1 ( )l

Upon integrating, we obtain the tail expansion of the c.d.f.:

I . 2 3
1-Fx) = / f(t)dt - 2" Tx—a[l _a (a + l)x_z a’(a+ 1)(a + 3)x_4
Vaxl'(5) 2(a+2) 8(a + 4)
(- o™ (@ + 1) - (a + 2n — 3) —2(n=1) a1
(n—1!  2"Ya+2n-2) ol )
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Hence the ith-order tail index a; = 2(i — 1) and the ith-order scale parameter is

—1)t1,i i —
Ci=( .1) o ((x+.1) (O(-!-Zl 3)’ i=2. L
i-1)! 21 (@ + 2 — 2)

A.3 Proof of Proposition 2

Let F(x) be the distribution function and f(x) be the probability density function of a random variable X. In this paper
we consider the symmetric stable and Student ¢ distributions with F(0) = % Therefore we can focus on the positive tail
only. We obtain the behavior of the Hill plot at the origin, that is, for s close to zero in the center of the distribution, and
deep into the tail, that is, for s large. Consider the expected value of the Hill estimator, u(s) = 1//71, conditional on the
threshold s:

Efu(s)] = / ln f(x)dx (A1)

F()

We first obtain the shape of the Hill plot as s]0. This corresponds to the far right-hand side in the plots of Figures 1, 2,
and 3. For s < 1 the integral can be split as follows:

—lns [®
/ ln f(x)dx T Fo / fOodx +

1 o0
T—F®) /s In (x) f(x)dx

1 1 )
1_F®) {/S ln(x)f(x)d.x+/l ln(x)f(x)dx}.

By the unimodality of both distribution functions, the density attains its maximum at zero, so that

l—F()

=—-Ins+

1 1
£
_Fo) /S In (x) f(x)dx < T-F) In (x) dx
= /O (xInx —x)|}
1 - F(s)
__Jo
=1_Fes ~FG) (-1-slns+s).
Since, by 'Hopital's rule,
. Ins .. 1/s
hfnslns lsllml_/s = Sllr(I)l s
we get
£ £(0)
lsw T-FG )( 1-slns+s) = —W <0.
For the second part
1 ® 1 ®
T—F&) /1 In (x) f(x)dx < 1-FG) /1 xf(x)dx < +o0

since a > 1 by assumption, so that E [x] exists and is finite. We find that

le 1— F(s) f(X)dx = hm( Ins) =

Thus, for s close to zero, E [&] ~ E [1 / 1//71] = 1/E[u(s)] - 0. Furthermore, it is not hard to see that, for any s >

0, fs “In (x/s) f(x)dx > 0 asx/s > 1. Hence, if s moves to the middle from the far right-hand side in Figures 1, 2, and 3,
the Hill plot is increasing for both classes of distributions. Or, to put it differently, the Hill plot for both the stable and the
Student ¢ distribution declines to zero, as s}0. That is, as more and more data from the center are used—that is, moving
to the right in the right-hand side corner of the Hill plots—a is decreasing for both types of distribution.
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Next, we consider the asymptotic nature of the Hill plot on the very left-hand side of the Hill plots in Figures 1, 2, and
3. At high s-levels only the very few highest-order statistics are included in the calculation of the Hill statistic. Ultimately,
only the highest-order statistic X is in the set A as defined in Equation 2. In this case the Hill estimator (Equation 3)
collapses to

n
1 X,
u(s) =~ ¥ liea) <10g;‘> X1 25>X 2 2 Xy

i=1

Xy
= log —.
0g

From this it is immediate that if s = X3, u(s) = 0. Thus, at this threshold level, the Hill plot explodes, as it plots the
inverse 1/u (s). This explains the asymptotic nature of the estimator close to the origin for both types of distribution.

The picture is quite different more towards the middle. The stable distributions induce a hump shape, while the Student
plot is monotonic, as can be seen most clearly in Figure 1. To explain this behavior, we study the first- and second-order
derivatives at intermediate s -levels.

At intermediate s-levels the second-order tail expansion from Equation 1,

Eu(s)] =~ % [1 - ﬁbs'ﬂ] ,

implies

B [L] Ll o«
uis)|  Eu®)]  1- L pss
a+p

Recall that, for larger s levels,

1
>~ o
E[u(s)]
Taking the first-order derivative, we obtain
0 (l/E [U(S)]) - _ a ﬁz bs_ﬂ_l
2 b
9s [1— ibs—ﬂ] a+p
a+p

while the second-order derivative is

PA/EWMS) __ a+D Py, 2 < p bs_ﬂ_1>2

2 2 3
Js [1 - a‘%ﬁbs—ﬁ] atp [1 - ﬁbsﬂ] a+p
-t D P e, 2 AR
2 3 2
B _ a+ ﬁ i (a + ﬁ)
[1 - mbs ﬂ] [1 - @bzsﬂ]

For the Student ¢ o(1/E [u(s)])/ds > 0, since b < 0. This explains the increasing nature of the Hill plot as one moves to
the left, that is as s increases, in Figure 3. Furthermore, as 0*(1/E [u(s)])/ds* < 0 for the Student ¢ data, the increase in the
middle occurs at a decreasing rate, though this is not so easy to see from the figures. This effect is overtaken, however, by
the asymptotic behavior at very high s-levels as very few order statistics are included.

The picture is different for the stable distribution as b > 0, so that d(1/E [u(s)])/ds < 0. We explained before that that at
very low threshold levels the Hill plot for the stable distribution declines similarly to the plot for the Student distribution,
but more towards the middle part the limiting behavior loses its force and the Hill plot starts to decline again as one moves
further to the left (as s increases). This decline occurs at an increasing rate, since the second derivative 0%(1/E [u(s)])/0s?
is positive. But then, at very high s-levels, the asymptotic effect of having just very few order statistics that determine the
Hill statistic overtakes, and thus close to the origin the Hill plots as in Figure 2 increases without bound. Taken together,
the behavior at the very endpoints and in the middle explains the characteristic hump shape for the stable data.
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A.4 Proof of Lemma 3

Assume that the upper tail of the stationary distribution F(x) of the stochastic process {H?} from Equation 15 satisfies
expansion in Equation 1, that is,

Fe)=Pr{H*>x} =ax™* [1+bx’ + ox™?)|, x > . (A2)
Let f(x) be the density function of F(x). Following Equation 15, we obtain
Pr{H} > x} = Pr{w + Q1H} |, > x}
= Eq[Pr{H® > X‘T“HQ}]

= / FE=2) r(g)dg.
0 q

By assumption, the term F("—T“’) has the following expansion:

a5 [rl5) e ((5))
a2 (-2 w0 (52) )]

A Taylor expansion around w/x = 0 gives

(1 - 9>_K =1+x% 4 K(l;K)<%)2 +0(x7?).

=

Thus we can simplify the term F:

F <x ; a)> = aq"x™* [1+ bg’x’ + kex™" + max{o(x~?),0(x)}] .

Finally, we obtain the expression for the integral as

/ F(= ; DV f(@)dg = ax *E[Q] + abx *PE[Q**] + axax*"'E[Q"] + max{o(x*~"), o(x*"1)}]. (A3)
0

The left-hand-side tail expansion in Equation A2 has to agree with the right-hand-side expansion in Equation A3:
ax™* [1+bx7? + ox™?)| = ax™ [(1 + kox™") E[Q*] + bx E[Q**] + max{o(x™"),0(x™")}]
or

1+ bx7? + o(x7?) = E[Q*] + kaox 'E[Q"] + bx PE[Q“?] + max{o(x~?),o(x"})}. (A4)

For both sides to agree in Equation A4, a first requirement is that we need E[Q*] = 1. This is the condition from Kesten
(1973) that determines the tail index of the stationary distribution, indicating that the distribution displays heavy tails.
Since

Q =7+ 6N?,

and by assumption 6 > 0,7 > 0, and 6 + 7 < 1, a nontrivial solution x > 0 exists depending on the distribution function
of the innovations N.

If the innovations are normally distributed, so that N? is chi square distributed with one degree of freedom, it follows
thatif« = 1, E[Q] = 6§ + 7 < 1. By Jensen's inequality, this applies for all ¥ < 1. So x > 1 is required. It is readily seen from
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C(A+1/2) =728~

that for any 6 (0, 1) there is a solution 4 > 1 such that E [(ENZ)A] = 1 (see, e.g., de Haan et al., 1989). Since for any

X, + 6x? is increasing in 7, and so is (7 + 6x2)/1, it follows that
E[(r+oN)"] > B[ (68)*] =1.

Note that E[Q"] is differentiable with respect to «, so that E[Q*] is continuous in k. By continuity, there exists a x, A >
k > 1, such that

1=FIQ =E[(r+8N)"] <E|(z+6N°)| .

Furthermore, we need to constrain b and f for both sides in Equation A4 to agree. If § > 1, the second term on the
left hand side, bx~?, is of smaller order than the second-order term on the right had side, kwx 'E[Q]. If # < 1, then
E[Q**?] = 1, which contradicts with the requirement that E[Q*] = 1. Hence we conclude that if the second-order tail index
exists # must be equal to 1. This implies that the second-order scale parameter b has the unique form as in Equation 16,
since we need to equate bx~'on the left hand side to kwx'E[Q*] + bx'E[Q**!] on the right hand side.

Next, we show that the second-order scale parameter b must be negative. Since

E[Q] =E|@)F ] > B DT =1,
by Jensen's inequality. Hence
Kw

b=—— <.
1= B[]

The above arguments were developed as part of lecture notes by De Vries, and partly in private correspondence with
Charles Goldie and Laurens de Haan. Later, Baek, Pipiras, Wendt, and Abry (2009) published arguments along similar
lines for the forms of # and b in the case of the ARCH(1) process.
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