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FAT TAIL DISTRIBUTIONS AND
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ABSTRAC
The behaviour of the Hill estimator for the tail index of fat tailed
distributions in the presence of local alternatives which have a thin tail
is investigated. The converse problem is also briefly addressed. A
local thin tail alternative can severely bias the Hill statistic. The
relevance of this issue for the class of stable distributions is discussed.
We conduct a small simulation study to support the analysis. In the
conclusion it is argued that for moderate out of sample quantile
analysis the problem of local alternatives may be less pressing.
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L INTRODUCTION

It s well known that the Hill cstimator for the tail

iR itey g o Paneed o v e e
distributions {dfs) 15 a based estimator except in the case of
IS P00 R AT+ ks ORI B RS TS T T A 'vL FI0Q7TY Tl comiirrm o d 1 A
C.E Flin {1Ye4) and wudidid and S (1707 ). 18 SOUICS 01 IR Dias studied in

these articles stems from the second order term in the expansion of the df at

. this term is mostly taken to be hyperbotlic. In a recent paper

miilier (19 show that this spectiic cxmmm(m athlSs o a

wide cldss of dlsmbunons like e.g. the Student-t and the type Il extreme value
dfs. N

investigate the bias that is due to a local thin tailed alternative. To introduce the
topic, consider the Student-t dfs versus the stable laws. The interesting difference

evertheless, other souices for the bias exist as well.

s 1 o P RPN ' P ' F Y S P 1.1
oo Fny Niraind ratals M T s MN{¥y 1 i SHT i & F i 27117 {3 -
petween ne Studenl model anag e siabie modael & hal winde tne student modael

In the next section we generalise the problem of stable laws to the class of
heavy tailed dfs. It is shown that for any fat tailed df with tail index o, one can
always construct a local alternative which has thin tails. Conversely, a local fat
tailed alternative to a thin tailed df is straightforward to obtain as well. Two test
functions in which local alternatives from the other class are nested are presented.
In section 3, we obtain explicit expressions for the bias in the Hill estimator in the
case of the stable dfs and for the two test functions. The fourth section presents a
small Monte Carlo study that complements the theoretical results. We conclude
by arguing that the problem of local alternatives may have little bearing on
moderate out of sample quantile analysis.

2. FAT TAILS AND LOCAL ALTERNATIVES

First consider the class of symmetric stable distributions with characteristic

function:

) L 0<0s2, ()

t

(yD@ (I) =exp (=

where ¢ is the characteristic exponent. For ¢ < 2, oo = ¢ determines the maximal



HILL ESTIMATOR FOR THE TAIL INDEX 707

bounded moment. But when ¢ = 2, the case of the normal, all moments are finite.

Note the continuily of Qg in ¢, but the jump in the number of bounded moments at

N N

& = 2. Also note that the densities are continuous i O, us can be ¢

from the Bergstrom-Feller series expansion for the densities.

The disconti

heavy mii‘cd disty
at infinity. Let the distribution of the maximum of L{x}) be in the domain of

1 -0 LX), withO< A
< 1, varies regularly at infinity and has bounded moments m < « as long as A > 0.
ut for & = 0, F(x) is thin tailed. A specific example is the mixture of a Pareto

and an exponential df:

A similar procedure can be used to construct a fat tailed local alternative to a
thin tailed df. Consider e.g. our second test function:

{4
For A < 1, G(x) is thin t dlled, and becomes the fat tad areto at A = 1. In this
i 5 i {LiEC,; distribution.

3. THE BIAS IN THE HILL ESTIMATOR

{n this section we give explicit expressions for the bias in the Hill estimator.
The Hill statistic is defined as follows (see Goldie and Smith (1987)):

s

— A

;2 .s‘) - log s, (5

i M
<)
o3

x
(04

where X ; is the i-th descending order statistic of a sample with lenght n and v is

the inverse of the tail index. Here, M denotes the random number of observations
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that exceed s, where § 1s some high threshold level. To compute the bias we need
g i

to evaluate the following integral:

[a]

Proposition 1. For symmetric stable dfs, | < ¢ <

Tl t b ~ |
E|§/] S‘!—}/:—?.j——?ﬁ-o(s ?), where p = - (7
E[A ]_(i—?u)e"“l(s)+/1a"l 5¢ ®)
715= \l—ﬂ,)e‘]”+ls‘a ’ g

Proof. Straightforward calculus on the analogue of equation (6) yields (8). Here

E(x) is the exponential integral (see e.g. Abramowitz and Stegun, 1970). (Q.E.D.)
Proposition 3. For the test function G(x) as defined in equation (4):
~ N i "
E3s] =5 " (1=A) T{-oed (1=4)s)  if A<l )

If 2 = 1, G(x) reduces to the Pareto law and the Hill statistic is unbiased.
4. MONTE CARLO EVIDENCE

This section presents some Monte Carlo evidence on how the presence of a
local alternative affects the performance of the Hill statistic. The exercise is
limited to the class of stable dfs and the first test function. For both cases the
inverse of the average estimate produced by the Hill statistic is reported. This

; £ 3000 observations and 1000

1
I U Yauo anl UV

average is oin each casc



TABLE I: The Fill statistic and stable laws

¥ M M average
L S0 Foid 785 (.93

1.5 50 .64 {41 .73

1.95 30 476 5 4.3

TABLE H: The Hill statistic and F(x)
[04

by 2 4 10
0001 7.04 7.48 748
0.01 Sl 6.88 6.89
0.1 3.55 6.59 i 6.65
0.5 2.52 5.54 5.60 5.60

replications. These numbers were chosen for reason of comparability with a
recent preprint by McCulloch (1994) that studies the bias of the Hill statistic in
case of the stable laws. McCulloch fixes the number of order statistics at M=50.
A summary of his results is replicated and reported in the third column of Table L.
Instead of fixing the M level across different characteristic exponents, one might
want to evaluate the bias at the ] MSE (see
Goldie and Smith (1987)). This MSE minimising M level is gwen in the fourth
column as M, and the fifth column reports the average o estimates. Using M
somewhat helps to reduce the bias when ¢ = o = 1.95, but it remains considerable
nevertheless. Due to the fact that for ¢ = 1.95 the normal is a local alternative,
only increasing the sample counld help to alleviate the problem.

4 level that minimises th

Table II reports the average estimate produced by the Hill statistic when the
DGP is given by equation (2). The bias problem is investigated when A tends to
zero. The s levels were chosen such that, given some o level, the closer the thin
tail local alternative is, the further one needs to go into the tail to capture the fat
tail property.

s evident from this table that the presence of a local thin tailed alternative

a0

pushes the estimates upwards. This causes a serious bias problem for the lower o
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and 2 values, On the other hand the presence of u locul alternative lessens the bias

problem ior the mghest o and lowest A comb

In this paper, we study the behavi itional upon a

at lies close to a local alternutive which Jzz{cui;\xtion and

P
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stmulation of the bias in the Hill estimator shows that 1t has limated value 1o

discern between fat or thin tailed dfs, when the DGP hes close to the local
alternative. Put dilferently, given a fixed sample size n, it is always possible
formulate u fat tailed df which is indistinguishable from the thin tailed DGP. An

mterestmg extension of this S(Ud} would be (o consider the extreme value index

<
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