
Chapter 10 

Extreme Returns in 
Asset Prices 

coauthored by C.G. de Vries1 

Throughout this chapter, we assume that speculative prices Pt like those per-
taining to stocks, foreign currencies, futures etc. are evaluated at discrete times 
t = 0, 1, 2, ... , where the periods can be days or weeks {also see page 5). Thus, if 
p0 is the price of an investment at time t = 0, then the return-the difference of 
prices taken relatively to the initial price-at time t is {Pt - Po)/Po· Our primary 
interest concerns daily returns under discrete compounding 

- Pt- Pt-1 
Tt = 

Pt-1 

or the daily returns under continuous compounding 

{10.1) 

These quantities are close to each other if the ratio Pt!Pt-1 is close to 1. We will 
focus on the latter concept. 

It is apparent that the price PT at time T can be regained from the returns 
r1, ... , rr and the initial price Po by 

PT =Po exp ( {10.2) 

The speculative return series generally displays two empirical properties. The 
first property is that logpt exhibits the martingale property. The other feature is 
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208 10. Extreme Returns in Asset Prices 

that the variability of the Tt exhibits a certain clustering which makes the variance 
somewhat predictable. Both of these properties will be discussed in greater detail. 

In Section 10.1, we visualize daily stock market and exchange rate returns 
and estimate the upper and lower tails of returns and cumulated return dfs. As 
an application, we study the amount of capital C(q, T, l) which can be invested 
such that at time T the possible loss exceeds a certain amount l with probability 
q. This is the so-called Value at Risk problem faced by financial intermediaries 
like commercial banks. In Section 10.2, we focus our attention on the modeling of 
returns by ARCH and stochastic volatility (SV) series. 

10.1 Empirical Evidence in Returns Series 
and Exploratory Analysis 

The hypothesis that logarithmic speculative prices form a martingale series was 
first raised by Bachelier2• Later, Mandelbrot3 discovered that the speculative re-
turn series, i.e. the innovations of the martingale, are fat-tailed distributed. He 
suggested the modeling of speculative returns by means of non-normal, sum-
stable distributions (cf. (6.22); also see [1], pages 135-137, and the book by F.X. 
Diebold4 ). But this latter model conflicts with the fact that return series generally 
exhibit bounded second moments. 

Weekend and Calendar Effects 

Before we can analyze any speculative return series, we must deal with the fact 
that returns are computed at equally-spaced moments in time, but that business 
time does not coincide with physical time. For example, stock markets are closed 
at night and during weekends. This poses a problem for the definition of returns 
at higher frequencies. The following ad hoc procedures can be employed to deal 
with the weekend effect. 

1. (Omitting Monday Returns.) Omit the days for which prices are not recorded 
including the consecutive day. Thus, after a weekend, the Monday returns 
are also omitted. 

2. (Distributing Monday Returns.) The return registered after a gap (e.g., the 
return recorded on Monday) is equally distributed over the relevant days 
(e.g., ifr is the return on Monday, then r/3 is taken as the return on Saturday, 
Sunday and Monday). 

2Bachelier, L.J.B.A. (1900). Theorie de la Speculation. Gauthier-Villars, Paris. 

3Mandelbrot, M. (1963). The variation of certain speculative prices. J. Business 36, 
394-419. 

4Diebold, F.X. (1989). Empirical Modeling of Exchange Rate Dynamics. Lect. Notes 
in Economics and Math. Systems 303, Springer, Berlin. 
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Distributing or omitting the Monday returns is a very crude method; a thor-
ough analysis and a refined treatment of the weekend effect may be desirable for 
certain questions. Of course, one may also take just the original returns with the 
potential disadvantage that the Monday may exhibit the behavior of returns accu-
mulated over three days. In [36] there is a detailed discussion of further calendar 
effects such as the dependence of the mean and standard deviation of returns on 
the day in the week or the month in the year. Such effects will be neglected in this 
chapter. 

Market Efficiency and the Martingale Property 

The martingale property of the random return series {Rt} derives from economic 
insight. The returns {Rt} are regarded as martingale innovations, a property which 
is characterized by the condition that the conditional expectation of the future re-
turn Rt given the past returns value r t-1, ... , ro with ro = log Po (or, equivalently, 
given the prices Pt-1. ... ,po) is equal to zero. 

On the contrary, suppose that 

E(RtiPt-1, ... ,po) =f. 0 

holds. Let as assume that the conditional expectation is positive so that the price 
is expected to rise. In speculative markets, lots of arbitrageurs quickly eliminate 
unfair gambles: buying at todays low price Pt- 1 is more than a fair gamble. If all 
agents have this information, they will all want to buy at Pt- 1 in order to resell 
at the higher expected price tomorrow. Yet if many try to buy, this already drives 
up the price today and the expected gain disappears. 

If the martingale property of returns is accepted, then the returns are neces-
sarily uncorrelated. 

Stock Market and Exchange Rate Data 

In this section, we partially repeat and extend the analysis made by Loretan and 
Phillips5 concerning 

• the Standard & Poors 500 stock market index from July 1962 to Dec. 1987 
(stored in fm-poors.dat), and 

• exchange rates of the British pound, Swiss franc, French franc, Deutsche 
mark, and Japanese yen measured relatively to the U.S. dollar from Decem-
ber 1978 to January 1991 (stored in fm-exchr.dat6 ). 

5 Loretan, M. and Phillips, P.C.B. (1994}. Testing the covariance stationarity of heavy-
tailed time series. J. Empirical Finance 1, 211-248. 

6 Extended data sets are stored in fm-poorl.dat (from June 1952 to December 1994} 
and in fm--exchl.dat (from Jan. 1971 to Feb. 1994}. 
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Plots of Prices and Returns 

We visualize the Standard & Poors 500 stock market data and the exchange rates 
of the British pound measured relatively to the U.S. dollar. Stock market and ex-
change rate data exhibit a similar behavior so that a joint presentation is justified. 

In Fig. 10.1 the daily log- prices logpt are plotted against the time in days 
(also see Demo 10.1). 
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FIG. 10.1. (left.) Log- index logpt of Standard & Poors 500 stock market. (right.) Log-
exchange rate logpt of British pound relative to U.S. dollar. 

Next, the equally distributed returns are displayed in a scatterplot. In Oct. 
1987, there are extraordinarily high and low returns to the stock market index 
which are not displayed in Fig. 10.2 (left) . Also see Demo 10.2. 
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FIG. 10.2. (left .) Returns rt to the Standard & Poors 500 stock market index. (right.) 
Exchange rate returns rt to the British pound relative to U.S. dollar. 

We see that the returns are homogeneously scattered around zero. The serial 
autocorrelations for the (gap omitted) returns are practically equal to zero which 
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supports the martingale hypothesis. In particular, the expectation of returns con-
ditioned on the past is equal to zero. 

The Tranquility and Volatility of Returns 

Series of daily squared returns from stock and foreign exchange markets are 
visualized by a scatterplot (again see Demo 10.2). 
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FIG. 10.3. Squared daily returns ri to (left) Standard & Poors 500 stock market index, 
and (right) exchange rates of the British pound measured relatively to the U.S. dollar. 

The illustrations in Fig. 10.3 exhibit that there are periods of tranquility and 
volatility of the return series in a particularly impressive manner. This shows that, 
while the return process is a fair game, risk is spread unevenly. Hence, the risk of 
an investment is clustered through time and somewhat predictable. Supposedly, 
investors trade off return against risk, and hence portfolio management has to 
take this predictability into account. In technical terms, we may assume that the 
returns are conditionally heteroskedastic (the variance is varying conditioned on 
the past). 

Trend and Symmetry 

For currencies no trend has to be eliminated. Also, currencies are naturally sym-
metric due to the fact that the return, e.g., for the Deutsche mark on the U.S. 
dollar is the negative of the return of a Deutsche mark investment for U.S. dollars. 
Therefore, for exchange rate returns, the tails will also be estimated under the 
condition of symmetry. Tail estimators are also applied to returns reflected in 0. 

For stock prices, one must first eliminate the positive trend, due to growth 
of the economy, to get to the martingale model. 
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Nonparametric and Parametric Estimation of Returns 

Again, we may visualize returns by means of the usual nonparametric tools like 
kernel densities, sample mean excess functions, etc7 . 

The overall impression of stock market and exchange rate data is that normal 
distributions or similar symmetric distributions can be well fitted to the central 
data, yet there seem to be fat tails. So even in those cases where we estimate light 
tails (exponential or beta tails) within the GP model, there seems to be a kurtosis 
larger than that of the normal distribution. 

Parametric Estimation of Tails 

We estimate the upper and lower tail indices of stock market and exchange rate 
returns and compare our estimates with those of Loretan and Phillips (L&P) who 
always employed the Hill estimator (presumably to the original returns). 

EXAMPLE 10.1.1. (Estimating the Tail Indices of Returns to the Standard & Poors Index.) 
In Table 10.1, Hill(GP 1), Moment(GP) and MLE(GP) estimates of the lower and upper 
tail index a, based on the returns to the Standard & Poors index, are displayed. The 
number k of lower or upper extremes was chosen according to the insight gained from 
the diagrams of the estimators. 

We are also interested in the effect of handling the returns in different manners 
(distributing or omitting returns after gaps). 

TABLE 10.1. Returns after gaps distributed or omitted. 

Tail Indices a of Standard & Poors Index Returns 

Lower (k = 150) Upper (k = 100) 

distr. omit. L&P distr. omit. L&P 

Hill(GP 1) 3.79 4.33 3.59 3.70 3.70 3.86 

Moment(GP) 2.59 4.40 3.67 3.67 

MLE(GP) 2.20 4.26 3.52 3.52 

The remarkable difference between the Moment(GP) or MLE(GP) estimates for the 
lower tail index-with returns after a gap distributed or omitted-is due to the drop 
from 282.70 to 224.84 of the Standard & Poors index during the well-known Monday 
stock market crash on Oct. 19, 1987. 

7The application of standard estimation procedures relies on ergodic theory (see 
Revesz, P. (1968). The Laws of Large Numbers. Academic Press, New York, and Pan-
tula, S.G. (1988). Estimation of autoregressive models with ARCH errors. Sankhya 50, 
119-138). Further theoretical justification is desirable. 
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Omitting this extraordinary event from the data results in an underestimation of 
the risk entailed in negative returns. See once more Demo 10.2. 

The most important message from the preceding example is that for these 
stock market returns, one must take heavy upper and lower tails with a tail index 
a around 3 into account. 

There is a certain trend in the returns that can be captured by a quadratic 
least squares line to some extent. The trend is negligible as long as there is a time 
horizon of less than about 10 years. 

For exchange rate returns, we find light as well as heavy tails. The tail index 
is also estimated under the condition of symmetry. 

EXAMPLE 10.1.2. (Estimating the Tail Indices of Exchange Rate Returns: British Pound.) 
Our approach corresponds to that in Example 10.1.1. 

TABLE 10.2. Estimating the tail indices. 

Tail Indices a of British Pound Returns 

Lower (k = 75) Upper (k = 75) Symmetric (k = 150) 

distr. omit. L&P distr. omit. L&P distr. 

Hill(GP 1) 4.03 4.03 2.89 4.25 3.75 3.44 3.95 

Moment(GP) 4.51 4.51 - 3.62 5.05 - 4.72 

MLE(GP) 4.28 4.28 - 3.33 5.40 - 4.85 

According to these estimates, a Paretian modeling of the lower and upper tails is 
justified for the British exchange rate returns. 

A completely different modeling must be taken for the Swiss franc. It seems to 
us that an exponential modeling for the tails of the distribution is justified. If the 
estimation is carried out in the unified generalized Pareto (GP) model, then the 
estimates of the shape parameter 'Y are close to zero in the present case. Therefore, 
a= 1/'Y attains large positive as well as small negative values. 

It is remarkable that the Hill estimator is incorrect, a fact which becomes 
apparent by comparing parametric and nonparametric plots (also see Fig. 5.1 
(left) and (6.21)). 

EXAMPLE 10.1.3. (Estimating the Tail Indices of Exchange Rate Returns: Swiss Franc.) 
For exchange rate returns of the Swiss franc relative to the U.S. dollar, we obtain nega-
tive estimates of the lower tail index a. The estimates are based on equally distributed 
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returns. When omitting Monday returns, one finds similar results. The chosen number k 
of extremes is 100. 

TABLE 10.3. Estimating the tail indices a and 'Y of exchange rate returns of the Swiss 
franc relative to the U.S. dollar with equally distributed returns (including Hill estimates 
taken from Loretan and Phillips (L&P) in the a-parametrization). 

Tail Indices a and 'Y of Swiss Franc Returns 

Lower (k = 100) Upper (k = 100) Symmetric (k = 200) 

Q 'Y L&P Q 'Y L&P Q 'Y 

Hill(GP 1) 3.61 0.28 3.10 4.16 0.24 2.77 3.66 0.27 

Moment(GP) -9.09 -0.11 - 9.67 0.10 - -9.35 -0.11 

MLE(GP) -5.88 -0.17 - 18.19 0.05 - -31.81 -0.03 

Moment(GP) and MLE(GP) estimates 'Y for the lower tail index are negative yet 
close to zero. When employing the armory of nonparametric tools such as sample excess 
functions, Q-Q plots, sample qfs, etc. and then comparing the nonparametric and para-
metric curves, there is doubt that an application of the Hill estimator is correct. On the 
basis of these results, we suggest a beta or an exponential modeling for the lower tail. 

Moment(GP) and MLE(GP) estimates for the upper tail index can be negative for 
other choices of the number k of extremes. We suggest an exponential modeling of the 
upper tail in the case of Swiss exchange rate returns. The preceding remarks about the 
Hill estimator are applicable again. The estimates for the symmetrized sample confirm 
the preceding conclusions. 

We shortly summarize results for the exchange rates of the French franc, 
Deutsche mark and yen against the U.S. dollar. We give a list of Moment(GP) 
and MLE(GP) estimates in the-y-parametrization. 

TABLE 10.4. Estimating the lower and upper tail indices of distributed returns based on 
k = 75 extremes (k = 150 extremes for the symmetrized sample). 

Estimating the Tail Index 'Y 

Moment(GP) MLE(GP) 

Lower Upper Symmetric Lower Upper Symmetric 

French franc -0.11 -0.05 -0.05 -0.09 -0.04 -0.05 

Deutsche mark -0.19 0.02 -0.05 -0.23 -0.04 -0.14 

yen 0.06 0.08 0.007 -0.06 0.06 -0.03 
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We see that for all three cases an exponential modeling for the tails seems to 
be adequate. 

The Capital/Loss Coefficient 

At the time of writing, financial institutions like commercial banks have to meet 
new Capital Adequacy rules. These rules require that a bank must have sufficient 
capital to meet losses on their exposures. Often this capital is computed as the 
amount required to meet a loss which occurs with a specific low probability. 

Let C denote the capital invested at timet= 0 against price Po· Then, 

(10.3) 

is the gain or loss at time T. Keep in mind that we speak about future returns 
when capital letters Rt are used. 

Let C = C(q, T, l) be the capital such that at timeT the loss falls below a 
limit l 0 with a probability q, where q is some small value. Thus, the T-day 
capital at risk C(q, T, l) is the solution to 

Evidently, C(q, T, l) = l/ HY, 1 (q), where HY, 1 is the qf of Lt<T Rt. 
Therefore, -

C(q, T, l) = llic(q, T), (10.4) 

where the term 
(10.5) 

will be adressed as the capital/loss coefficient. 
In Example 10.1.4, the capital/loss coefficient will be computed for T = 1 

and T = 30 days and several small probabilities q in the case of the Standard & 
Poors index. 

EXAMPLE 10.1.4. (Capital/Loss Coefficient for the Standard & Poors Index.) The capi-
tal/loss coefficient c(q, T) is estimated forT= 1 and T = 30 based on the 9313 equally 
distributed, daily returns to the Standard & Poors Index. Apparently, one must estimate 
the q-quantile Hi 1(q). 

ForT= 1, the q-quantile of the daily returns is estimated in a parametric manner 
by means of the Moment(GP) estimator and our standard estimators of the location and 
scale parameters. The estimation is based on k = 150 lower extreme daily returns as in 
Example 10.1.1. 

To estimate c(q, 30), the Moment(GP) estimator is applied to k = 30 lower ex-
treme 3D-days returns (see also Demo 10.3). The number of 3D-days returns is 310. The 
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estimated shape parameter is a= 2.4. In both cases, the qf H:;, 1 is estimated by the con-
verse Pareto qf belonging to the estimated parameters. Several capital/loss coefficients 
are listed in Table 10.5. 

TABLE 10.5. Estimating the Capital/Loss Coefficient for the Standard & Poors Index. 

Capital/Loss Coefficient c(q, T) 

loss probability q 0.01 0.005 0.001 0.0005 0.0001 

T= 1 58.1 50.0 30.3 24.4 14.1 

T=30 7.8 5.9 3.0 2.3 1.2 

Finally we note that there is a remarkable coincidence between parametric q-

quantiles and sample q-quantiles for those q where the parametric q-quantile lies inside 
the sample. 

A detailed exploration of extreme returns of further exchange rates, stock 
market indices and other speculative asset prices is desirable. It is difficult, due 
to smaller sample sizes, to extend the empirical approach to estimating the capi-
tal/loss coefficient beyond a time span of a month. 

10.2 ARCH and Stochastic Volatility Structures 

The aim of this section is to provide some theoretical insight in the tail-behavior of 
return distribuutions and to start a discussion about a semi parametric estimationof 
the capital/loss coefficient. We primarily deal with time series {Xk} that possess 
an ARCH (autoregressive conditional heteroskedastic)8 structure. The extension 
to GARCH series is indicated at the end of this section. We also mention stochastic 
volatility (SV) models which provide alternative models for the volatility in returns 
series. 

First, we review some basic facts of the conditioning concept. Let a stochastic 
experiment with two outcomes be described by the random variables X and Y. 
When x is already observed, then the second outcome is distributed according 
to the conditional distribution of Y given X = x. The mean and variance of the 
conditional distribution are the conditional expectation E(Yix) and conditional 
variance V(Yix) of Y given X = x. If the conditional expectation E(Y\x) is 
equal to zero, then the conditional variance V(Yix) is equal to the conditional 
expectation E(Y2 \x). 

8 Engle, R.F. (1982). Autoregressive conditional heteroscedasticity with estimates of 
the variance of United Kingdom inflation. Econometrica 50, 987-1007. 
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Modeling the Conditional Heteroskedasticity 
and Distributions of Returns 

Assume that the random return Rt at time t can be expressed as 

Rt = EtSt, 

217 

(10.6) 

where ct is an innovation with E(ct) = 0 and V(ct) = 1, and St is a random scale 
parameter (depending on the past) that is independent of f:t· 

Because of the independence of f:t and St, the conditional distribution of Rt 
given St =at is the distribution of f:tO"t. Therefore, 

(i) E(Rt[at) = 0; 

(ii) V(Rt[at) = a'f. 

Thus, the conditional variance is not a fixed constant, a property addressed as 
conditional heteroskedasticity. If, in addition, V(St) < oo, then 

(iii) E(Rt) = 0; 

(iv) V(Rt) = E(S'f). 

We see that the returns series has a constant unconditional variance if E(S'f) is 
constant. 

Later, further conditions will be imposed on f:t and St so that { Rt} is a 
martingale difference scheme and, hence, a series of uncorrelated random variables. 

We mention three examples of innovations ct and random scale parameters 

• (Normal Innovations.) If f:t is standard normal and 1/ S2 is a gamma random 
variable with shape parameter a> 0, then Rt = E:tSt has the density 

9a(x) 100 (2'!9ha('!92)) d'!9 

r((2a + 1)/2) (1 x2)-(2n+l)/2 
r(a)(2n)l/2 + 2 

(10.7) 

which is Student's t-density with n degrees of freedom and scale parameter 
a= a-112 , if a= n/2. 

• (Laplace Innovations.) If ct is a Laplace (double-exponential) random vari-
able with density f(x) = exp( -[x[)/2 and 1/St is a gamma random variable 
with shape parameter a, then Rt = E:tSt is a double-Pareto random variable 
with density (cf. also (5.12)) 

9a(x) 100 ('19/2) exp( -[x[)ha('!9) d'!9 

+ [x[)l+a 2 . (10.8) 
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• (Log-Normal Innovations.) If et and St are log-normal, then Rt is log-
normal. 

ARCH(l) Series 

The following scheme captures both the martingale feature and the observed clus-
ters of volatility in speculative return series. These clusters are well described 
analytically, but not well understood from the economic point of view9 . 

Let { et} be a white-noise process of iid random variables satisfying the con-
ditions E(et) = 0 and E(eD = 1. Let Ro be an initial random variable which is 
independent of the innovations ct. Then, Rt = etSt with 

t 2:: 1, (10.9) 

and a 0 , a 1 > 0, is an ARCH(1) series. Notice that the conditions, specified in 
(10.6), are valid. 

We discuss some properties of {Rt}. Because the et and Rt-i are independent 
for each i 2:: 1, the Rt are uncorrelated with expectations E(Rt) = 0 and variances 

V(R,) +nlV(Ro) 

1- ai t ( ) ao-1-- +a1V Ro, 
-a1 

(10.10) 

where one must assume that a 1 f 1 in the second representation. 
If a 1 < 1, then V(Rt) --+ ao/(1 - at) as t --+ oo, and the ARCH series 

approximately satisfies the condition of weak stationarity. If, in addition, V(Ro) = 
a 0 /(1- at), then V(Rt) = V(Ro) and {Rt} is a white-noise process. We remark 
that white-noice processes of this type are taken to model innovations in certain 
economic time series. 

The special properties of the ARCH process are due to the fact that the Rt 
are uncorrelated yet not independent. First notice that the conditional distribution 
of Rt given Rt-1 =Tt-l is the distribution of 

(10.11) 

Also, the martingale property E(Rtlrt-t. ... , ro) = 0 holds. Additionally, for the 
conditional variance we have 

V(Rtlrt-1) = ao + a1rL1 

which exhibits the particular property of ARCH series. 

(10.12) 

9 See, e.g., Vries, de C.G. (1994). Stylized facts of nominal exchange rate returns. In: 
The Handbook of International Economics, R. van der Ploeg (ed.), Blackwell, Oxford, 
pp. 335-389. 
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Distributional Properties of ARCH Series 

The distributional properties of the ARCH series are best analyzed by viewing 
the squared ARCH series Rz as a stochastic difference equation. From (10.9) and 
(10.6) we obtain 

(10.13) 

say. This stochastic difference equation with iid pairs (Bt, At) is equivalent to the 
ARCH series up to a coin flip process for the sign. If E(log AI) < 0, and if there 
is a"' such that E(Al) = 1, E(A!log AI) < oo, 0 < E(Bl) < oo and B!/(1- A1 ) 

is nondegenerate, then 

Iii -t = L Bj II Ai, t -t 00 (10.14) 
j<oo i:Sj-1 

in distribution. Furthermore, has a Pareto like tail with tail index "'' that is, 
> x} = (1 + Note that this latter conclusion still follows if the 

innovations C:t are light tailed. For example, if the C:t are iid standard normal, the 
tail index"' for be computed from the condition that E(Al) = 1. We have 
r("' + 1/2) = 7r 112 (2a:1 For more details and references to the literature see de 
Haan et al. 10 

Quasi Maximum Likelihood Estimation 

The question of estimating the tails of the unconditional distribution of Rt was 
already dealt with in the preceding section. Presently, this distribution (more pre-
cisely, the sequence of distributions) is regarded as a nuisance parameter. The 
aim is to estimate the parameters a:0 and a:1. This enables a prediction of the fu-
ture variance as given in (10.12). We briefly indicate that the maximum likelihood 
principle is applicable. 

Let f be the density of the innovation C:t, and let fo be the density of the initial 
return Ro. According to (10.11), the conditional density of Rt given Rt-l =Tt-l 

(which is also the conditional density of Rt given Rt-1 =Tt-l, ... , Ro =To) is 

1 ( Tt ) ft(TtiTt-d = ( / ( ) , 
0" Tt-l 0" Tt-l 

where a(T) = (a:o + a:1T2 ) 1I 2 • Therefore, the joint density of Ro, ... , Rt is 

fo(To) II fs(TsiTs-1)· (10.15) 
s$t 

10Haan, deL., Resnick, S.I., Rootzen, H. and Vries, de C. G. (1990). Extremal behaviour 
of solutions to a stochastic difference equation with applications to ARCH-processes. 
Stoch. Proc. Appl. 32, 213-224. 
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It is well-known that consistent estimators of a0 and a 1 are obtained by 
maximizing the likelihood function, whereby the unknown density f is replaced 
by the normal one. The efficiency can be improved asymptotically if f is replaced 
by a kernel density based on residuals11 . 

The Extension to ARCH (p) Series 

A first extension of an ARCH(1) series is achieved, if 

s; = ao + LaiRLi· 
i.:;p 

(10.16) 

The innovations Et are independent of the initial random variables R1-i, i 
1, ... ,p. The extension of the preceding results for ARCH(1) to ARCH(p) series 
is straightforward. For example, the conditional distribution of Rt given Rt-l = 
Tt-l, ... , Rt-p = Tt-p is the distribution of 

(10.17) 

We have V(Rt\rt-1, ... , Tt-p) = ao + Li.:;p air;_i and, thus, the conditional 
variance of Rt is a deterministic function of the past squared returns. 

Stochastic Volatility (VS) Models 

Let again Rt = EtBt as in (10.6). In contrast to ARCH models we assume that the 
series { E t} and { St} are independent. For example, let { St} be an AR series of the 
form 

s; = f3o + Lf3jSLj +'fit, 
j.:;q 

(10.18) 

where { "lt} is another innovation series. This is the product series model as dealt 
with in [36]. Another example is obtained if { St} is defined by means of an MA( oo) 
series. Let 

s; = cexp ( f 'f/;j'flt-j). 
}=0 

(10.19) 

Asymptotic results of extremes of such processes are obtained by Breidt and 
Davis12 . 

11 Drost, F.C. and Klaassen, C.A.J. Efficient estimation in semiparametric GARCH 
models. To appear in J. Econometrics. 

12Breidt, F.J. and Davis, R.A. (1997). Extremes of stochastic voladility models. Un-
published manuscript. 
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The Extension to GARCH(p, q) Series 

An extension of the concept of an ARCH series is achieved , if 

s; = ao + :Lailli-i + Lf3jSz_j, t ::::: 1. (10.20) 
i$;p j$;q 

Then, Rt = C:tSt, t ;:::: 1, is a GARCH(p,q) (generalized ARCH) series13 • Notice 
that a GARCH(p, 0) series is an ARCH(p) series. Thus, the extension is related to 
the step from an AR to an ARMA series. 

Final Remark 

Drost and Klaassen carry out there investigations for GARCH(1,1) series. Their 
approach indicates that, to some extent, the joint distribution of the returns can 
be estimated within such a framework. This could also open the way to a semi-
parametric estimation of the capital/loss coefficient. 

There is a longer list of further modifications of ARCH series of practical 
relevance (see, e.g., the introduction, written by R.F. Engle, to a collection of 
papers14) . Even if the suggested semiparametric estimation of the capital/loss 
coefficient is theoretically successful it must be clarified whether such an approach 
is of practical importance due to the diversity of available models. This also justifies 
to some extent our approach in Section 10.1, where the capital/loss coefficient was 
estimated without any special modeling of returns series. 

10.3 Implementation in JtrREMES 
Financial data can be analyzed to some extent by means of the usual visualization 
techniques and estimation procedures provided by X'IftEMES. We always assume 
that the prices are stored as Xtremes Multivariate Data. In the first three columns 
the date (in the order day, month and year) is listed, in the fourth column there is 
the speculative price of the asset. for the given date. If there is a different ordering, 
employ the option Data... Transform ... . 

DEMO 10.1. (Plotting Log-Prices of Stock Market Index.) Load the file fm-
poors.dat from xtremes\dat. Inspect the data (right mouseclick into the ACTIVE 

DATA window and select List Data} . There is the ordering day/month/year for the date. 
Execute Data ... Transform ... Date Transform and, afterwards, Data ... Convert to .. . Time 
Series to convert the data set to a time series. A visualization of the data set is obtained 
by Visualize .. . Scatterplot. Carry out a log- transformation by UFO ... Transform Data. 
Display the result as shown in Fig. 10.1 (left). 

13 Bollerslev, T . (1986}. Generalized autoregressive conditional heteroskedasticity. J. 
Econometrics 31, 307- 327. 

14ARCH Selected Readings. {1995}. R.F. Engle {ed.), Oxford University Press, Oxford. 
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A special transformation is needed to distribute Monday returns equally over 
the weekends or to omit the Monday returns (generally, returns after a gap). The 
Price Return Transformation option can be found in the finance supplement under 
the button$ in the menu bar. 

DEMO 10.2. (Analyzing Stock Market Returns.) Activate fm-poors.dat. Open 
$... Price Return Transformation and execute Distribute. Inspect the data. In 

the fourth column you will find the equally distributed returns. Extract the returns by 
applying the option Data ... Convert to .. . Univariate Data. 

(a) Visualize the full data set. 

(b) Analyze the upper extremes (the upper tail). Repeat the analysis in Example 
10.1.1. 

(c) Analyze the lower extremes (the lower tail). First execute the option Data ... Trans-
form Data... Converse Sign. 

(d) Analyze the symmetrized data. First execute the option Data ... Transform Data ... 
Symmetrize. 

To compute the capital/loss coefficient, one can use the usual X'JREMES fa-
cilities to estimate a quantile in a parametric manner. 

DEMO 10.3. (Computing the Capital/Loss Coefficient.) We provide some details 
about the computations in Example 10.1.4. Activate fm-poors.dat. Generate the 

equally distributed returns as in Demo 10.2. ForT= 1 proceed as in (c). Apply the Mo-
ment(GP) estimator and calculate the q-quantile by using the option T-Year Threshold 
in the local menu of the estimator dialog box (right mouseclick onto the dialog box). 
For T = 30, apply Data... Transform Data ... Save Block Sums for BlockSize equal to 
30 to the daily returns. As a result you get the 3o-days returns. Then proceed as in the 
case of daily returns. 

Finally, we remark that X'JREMES also includes a facility to simulate GARCH 
series (use $ ... GARCH(p,q) Series). It is intended to implement estimation pro-
cedures for such series in future releases. 


