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.lbstract

I. Introduction

Rerurns on commodirúututesore known roÍouow aÍat-raileddisîribulion. Due ro the
nonnesîedness oJ'alremare hrporheses, howeve4 it is dfficuft ro discñm¡nare between the
dilferent distribution classes. The paperuses exrreme value theor! ro deline a nesting proceclure
by means oJ rhe tail index thar characrerizes the shope o! the ra¡ts ol rhe d¡srributions, This kt!!
index is est¡mated.[or potaroÍurures. The results olJer supporrfor the srudenr adisrr¡burion. we
also analyze the probability oÍ the occunence ofextreme returre,

To better understand rhe high volatility of futures prices for primary
commodities, several authors have investigated the shape of the empirical
distribution function of futures return data. Empirical analysis has lbcused, so
faç on sum-stable distributions as the appropriate yieici ciata-generating
functions. Stable distributions have no finite variance-except from the
normal-and thus are heavily iar-railed, i.e., corroborating the high volatility.
An attractive property of the sum-stable larvs is that the class is closed under
addition. This is a desi¡able property because returns are rime additive.
Examples of empirical analysis employing the sum-stable distriburions can be
found in Cornew er al. [984] and Helms and Martell [1985]. Hall et al. It9g9l
more recently tested for the normal distribution, mixtures of normals, and
other sum-stable distributions. The normal distribution and mixtures are not
fat-tailed, as all moments are finite. According ro rhe observed fat-tailedness in
the data, the first two alternatives can the¡efore be readily dismissed.

In the area of modeling srock returns, an alternative compromise model, the
Student f, has been rvidely emplolcd. Only recenrly, Rainbow and praetz [19g6]
suggested that this Student ¡ is also appropriate for rvool futures.' The student ¡,
rvith degrees ol iieedom 2 < v < oo, does possess a finite varia¡rce, rvhile still
being fat+ailed, as all moments above v do nor exist. I\{any theore¡icalmodels in
the finance literature presume a finite variance; therefore, the Srudent r is
considered an atrractive alternative. The price ro be paid is the loss ofthe
additivity property. Another alternative fat-tailed data-generating mechanism
with finite variance is rhe ARCH process (see Engle [1982]). This process
captures the sometimes-observed clustering of volatility.

As oftoday, it appears that not all alternatives for modeling speculative prices
have been considered in the area of futures prices. Here, rve discuss a way to
encompass all the alternatives in one model. This is useful because the
alternative distributions are nonnested and thus cannot be tested directly
against each other by say, a Iikelihood criterion. The rail behavior, however, can
be parameterized fbr all these alternatives by the so-called tail index e tiom the
limit law of the disrriburion of rhe maximar. Thus, the nesting takes place in rhe
tails and exploits rhe fat-tail property exhibited by the data and ¡he theorerical
distributions. In the following section, we outline an estimation procedure for
this tail index. This allows us to discriminate berween the proposed distribution
functions on the basis of the asymprotic normality of the estimator. If a > 2, for
example, the Student / or ARCH process is appropriate, whereas the sum-stable
appliesifo<2.
rHoweve¡ these authors have difficulty in comparing sum-stable distributions wirh the student r
distribution.
2For the sum-stable distriburions (excepr the normal), ûequals thecharacrerisric exponent and is
in the interval 0< c < 2, while for theStudent t, e equals thedegree of tieedom, a= v > 2. The
ARCH process hasa >2.
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To understand the practical use ofthe above analysis, consider the institutional
setup of a commodity futures market. Usually, it is made up of three kinds of
agents. Producers, i.e., farmers, use the market to hedge their uncertain
production revenues. This tool for production hedging, however, lost its
importance for potato farmers, as signalized by Kahl and Tomek [1982, p. l0l.'
Since a substantial part ofstored potatoes is rejected when tendered for delivery
on futures contracts, the guaranteed futures price becomes essentially
ineffective. In discussing the topic with the Clearinghouse of the Amsterdam
potato futures market, it was concluded that a similar trend applies to the Durch
potato futures market. Consumers and/or processing industrics make up the
second group of traders using the market as a hedging tool to streamline both
consumption and production. Unlike potato farmers, the processing industry
still makes extensire use of this hedging tool. Finally, speculators use the market
because they are paid a premium for taking over production and/or
consumption risk or because they expect the future spot price to diverge from
the current futures price. In the case ofhedging, the futures cont¡act acts as a
mirror of the spot contract and therefore involves only limited risk. Speculation
concerns open positions. A dramatic price change can nullify open positions or
even turn theseto negative; and margin requirements inflict daily liquidity risks
(see below). Potential hedgers and speculators therefore are particularly
interested in the risk of alarge price change. The analysis of the tail shape, as
described above, allows speculators to derive the probability of the occurrence
of such excessive returns.

In the next section, we present the theoretical framework. In Section lII, the
theory is applied to ¡he Dutch futures market fbr potatoes, located in
Amsterdam.

Consider a stationary sequence, X,, X.,. . . , X, , of independent and
identically distributed (i.i.d.) random variables with a distribution tìnction Ã
Suppose one is interested in the probability rhat the maxìrnum

Mn = max(Xt,Xt,.. .,Xr) (l)

ofthe first n random variables is belorv a certain level x. As is well knorvn. this
probability is given by

PlMn <.rÌ = F'(.r).

Extreme value theory studies the limiting distribution of the order statistic iVÍ,
appropriately scaled. That is, one is interested to know under what conditions
suitable normalizing constants exist, an > 0, ån , such that

Pla^(M^ - bn) = x\L C@), (3)

i.e.,

Fn(x/a, + bòL G@),

3Kahl and Tomek n9821 restrict themselves to the New York Mercantile Exchange poþto contract.

{

q
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rvhere G(x) is one of the asymptotic distributions that are defined below, and rv
stands for weak convergence. Specifically, the following limit laws may occur:

TYpeI: G(x) =exp(-e-') -æ<x<6 (4)

TypeII: G(x) =0 x<0

=expCx-") x>0
TYPeIII: G(x) =expGGx)-") x<0

=l .r>0
where a > 0 is the tail index of these distributions. Sometimes, its inverse,
z= l/o, will be used for notational convenience.

The shape of the underlying distribution,.F(x), determines which is rhe relevanr
limit law. Unfortunately, economic theory is usually not informative about the
specific distribution, f'(x), rhat applies. The quatitarive characteristics ofthe
economic process, horvever, may point to the relevant limit law. Consider the
following two necessary conditions, tiom de Haan [1976]:

Condition l
Iff'hasatvpellimitlaw,G(x)andF(-r)<lforallx,thenlïu¿f'(r)irfinitefor
allB.

Condition 2
IfFhasalvpelllimirlarv,O(x),thenF(.v)<tforallx,andjïudF1r¡isfinitefor
iJ < oand infinite ford > a.

The intuition behind rhese conditions is as lollorvs. Loosely speaking, the tail of
the distribution is declining either exponentially or by a power. In the first case
all moments exist, bu¡ in rhe second case rhe higher rnoments do not decay
rapidly enough rvhen ".,reighted" by the rail probabilities to be integrable, i.e.,
the d.f. F(x) is fat¡ailed. This explains the appearance ofthe double exponential
in the Type I limit law and the exponenrial format of the Type lI, as well. The
third limit law is characterized by rhe fac that ir has a finire upper endpoinr.
Thus, the normal distribution and mixtures of the normal satisfy Condirion l,
while the Student / and sum-srable alternatives sarisfy Condition 2.
Anticipating the next section, given that commodity futures returns are strongly
fat-tailed, and unbounded in principle, the Type II limit law is the relevant one.

A sufficient condition on F(x) for the Type II limit to obtain is:

Condition3
It is sufficient for.F'to have a Type II limit law, G(x), if it has no finite upper
endpoint, and foreachx>0andsome ø ) a ) 0,

lim l_F(txl _ __q¡-- t-F(r) - ''

II. The Theory
of Extremes

(2)

?

I
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The latter condition boils down to regular variation at infinity (see Feller [971,
Ch. VIII.Sl andMoodetal .U97a,p.261, th. l6l).

The following discussion shows how the above conditions may be employed in
specific cases. Return to the d.f.'sF(x), which has received most of the attention
in the literature on commodity futures. First, the normal and mixtures of the
normal possess all moments, and hence Condition I applies. Civen such a lack
of fat-tailedness, these alternatives seem unfit for modeling commodity futures
returns. Second, the Student / and the sum-stable d.f. both satisfy Condition 2,
because not all moments are finite. To verify that the Student Í class satisfies
Condition 3 is straightforward (see, for example, Mood et al. U97a, p.262)).
The sum-stable distribution takes some more effort, as only in specific cases
does a closed-form solution tbr its density,l.(¡), exist (i.e., the normal, the
Cauchy, and the inverted chi-square, while the so-called characteristic
exponent, q, is, respectively, 2, 1, and 1/2). However, the asymptotic expansion
of Ibragimov and Linnik [971] may be used to confirm that Condition 3 is
satisfied. Recently, de Haan et al. [989] have shown that the ARCH process
also follows aType II G(x).

From this discussion, it fellorvs immediately that the competing.F(.v)s are nested
rvithin one limit law G(x), and are distinguished by different values for o.
Specifically, the fat-tailed sum-stable hypothesis requires o < 2; the Student ¡
and ARCH processes allow for a > 2. The idea is now toestimate o directly
without a prior commitment to either hypothesis.

Before rve turn to the estimation procedures. the case of dependent variates, like
the realiza¡ions tiom an ARCH process, is briefly discussed. Consider, for
example, the simple infinite MA process (AR(l) process): Xr = Ð;io Ve,-; ,

rvheretheerarei.i.d.sum-smblevariatesrvithtailindexo: I < q ( 2and0 < X

< I . The effec¡ of the dependency is that the larger values have a tendency to
come in clusters. This does affect the norming constants but not tlre tail index.
Specifically, the límit larv in equation (5) becomes: exp( - 0-v) -", rvhere
0: 0 < d < l, calledthe extreme value index or the extrental index, is a scaling
factor that compensates for the clustering. In this example, 0 = I - \o (see
l¡adbetter et al. [983, Ch. 3]). A similar result applies for the case of an ARCH
process (see de Haan et al. [989]).

We now turn to discuss a procedure for estimating the tail index a. Recently.
some estimators have been proposed based on the largest order sÌatistics, which
require only that the distribution generating these observations is, in a sense,
well behaved. For example, regular variation at infinity is often a sufficient
condition. Because of their simplicity, asymptotic norma.lity, and high
efficiency, the focus is on these methods. Lßt X', X2, . . . , X, be a sequence of
stationary i.i.d. observations from some distribution functionFe Type II G(x).
We are interested in obtaining an estimate for "y, given that the Type II limit law
applies. DefineX,,, 2 X¡z¡2 . , . z X 1n¡ as the descending order statistics from
a samplg X,, Xz , . . , X,, of n consecutive futures yieldingX¡, The proposed
estimator reads:

m-l È, logxrO -loEX6.¡ (5)

The statistic f z first appears in Hill [1975]. Mason [t982] proves that if
Condition 3 is satisfied, fø is a consistent estimator for 7. By a result of Goldie
and Smith [987], it follorvs that(î n - .y)m,/2 is asymptotically normal with
mean zero and variance "y r. To interpret this estimator, it is shown by Dekkers
anddeHaan [1989] rhar¿ilogX - logrlx>/l = ?,andrheesrimatorisrhe
sample analogue of this expectation.

The estimation procedure requires rr(n) - co, but for a finite sample it is not
knorvn horv to choose rn optimally.. A heuristic procedure is to compute â for
different øz and to selec! an ¡z in the region over rvhich â is more or less
constant. Such a region exists because rvhen one uses too few order statistics, o
will vary heavily rvith rn due to inefficiency. In the opposite case, the curvarure
ofthe distribution,.f generating rhe data weighs roo heavily, i.e., only the tail
probabilities are well approximated by the limir distribution, C. In the empirical
section, we conduct a Monte Carlo study to select m. Due to the asymptotic
normality of f , the MSE criterion is used for selecring an optimal rn for given
sample size n and distribution function.

An attractive feature olthe estimated tail index, o. is rhat ir can be used to
establish extreme returns that rarely occur. Establishing such return levels is of
interest for portfolio managers taking open positions or considering to hedge as
discussed in the introduc¡ion. Thus. rve are searching fbr a level of rerurn
corresponding to some given lorv excess probabilit-v'.

The tbllowing nonparametric procedure requires only regular varia¡ion, i.e.,
Condition 3, and uses order statistics to estimate returns, i, , such that

"YH

¿

P{x, <-t¡,,...,xr =-ir} : Fk(î/,) : I - p (6)

î

lor smallp and,siven k. Dekkers anci de I Iaan [1989] arrive ar the follorving
consistent estimator:

.¡, =(kr/pn)^í - I (xrr-u - x1n-2.) + x1,-,¡ (7)
I t-^;

rvhen n is lhe number of observations; k is rhe time period con sidered; r=mt2
and rn is the lowest descending-order statisric, Xr¿¡r, used ir computing f;p is
the probability of exceedance; and f is a consistent esrimator oi"y. Heuristicall.v-
speaking, î, extrapolates the empirical d.f. by combining the tail shape of the
empirical d.f. as given by the levelx,n _., and step size Xs _ q
- X s - 2r¡, with the rvay the "step sizes" of the limit law change as indicated by
the multiplicative factor l(kr/pn¡^r -11¡¡l-2- ^t ). Thus, equation (7) enables
one to extrapolate ourside the domain of the empirical distriburion function,
F,(x), by using the way the limit law exrends.

4This is the case for both rhe ahernarive maximum likelihood and order statistics procedures.
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III. Empirical
Analysis

The theory of extremes as outlined.in Section II is now applied to porato furures
data. The data base used in this study contains price data for potatoes traded on
the Amsterdam futures market for potatoes and hogs.' This little-known
(internationally) marketó serves an important role in the trading process of
Dutch potatoes. The main Dutch potato, bintje,istraded.in two sizes (40-5Omm
and > 50mm). The larger type is used as an input in the potato-processing
industry and is rarely consumed directly. Since these industries have limited
possibilities to substitute for other potato types, they hedge themselves againsr
production and price risk. There fore,the bintjeis actively traded on the furures
market. The specilieci consumption potato "bintje 50+" is hanes¡ed in
October and can be stockpiled for a period of six months. Futures trading
nowadays starts around February-preceding the harvest-and ends in the
delivery month (April) of the follorving year. The data rvere cleaned for the
overlap in contracts.'As of February 1989, the futures contract size was raised
from 5,000 kilograms to 25,000 kilograms.

Figurel. Volumeof tmd¤dcontracts
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F¡gure 1. (continu¤d)
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Data source: Polato I:ut ure\ \larkcts [:ounclation

Our data consisr oidail¡ settL.rrent ("close"), highesr sellin_u ("high"), and
lorvest bu¡,-ing ("lotv") rares lor the;\priI potato contract tbr I I -vears over the
period 1979-1989, containing 3,679 observations. Figure I gives an idea of the
nunrber of dail¡,- r raded contr¿rcts as r: rnonthl_v a'"erage tbr each ol the 133
consecutive nronths (tirst panel), anci curnula¡ive annual volume (second
panel).

In Figure l, the lirst panel shorvs that trade increases at the starr oleach trading
1,ear, rvith a drop near the hanest month and a seconcl peak thereatìer. The
peaks in 1983 and 1986s shorvn in rhe second panel are due to wearher int'luences
(bad crops) and a surging export demand (crop shorrages in importing
countries).

Ret.urns, rather tharì levels oi comrirodity prices, are of interest rvhen
investigating high-irequency data. As alread¡r mentioned in rhe introduction,
the futures market tbr potatoes is used by two agents-speculators and
processing consumers. Both use rhe market for hedging as rvell as speculative
purposes. Figure 2 presenrs monrhly averages of the open interesr positions for
133 consecutive months. These figures, howeveç do not distinguish speculative
from hedging positions. Since potato tàrmers do not use rhe market, it seems
fair to conclude that ifevery hedge position has a counrer posirion, this is,

E During these periods. prices increased b¡- about 300 percent with respecr ro rhe average ler.el. \\'e
also note thar no price limits have been applied at any time.

0
l0 :0 30 40 50 ó0 70 80 90 ¡00 lr0 t20 130

Months

sThe Potato Futures Market Foundation (Srichting Aardappeltermijnmarkt), Amsterdam, is
gratefully acknowledged for providing us with the data.
6Historically, the Netherlands has had a wide variety of futures markets (e.g., colfeq tin, sugar, all
kinds of spices, etc.), which gradually have disappeared.
TSincewecalculatedreturnsforourpriceseries(lnp,-lnp¡-¡),weeliminatedthereturn
between the first trading day o I a new cont ract and the last trading day ol rhe old contracr. I n the
process, I I data are losr. This is similar to the procedure used by Hall et al. [1989].

r
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presumably, a speculative position.' Both hedgers and speculators are primarily
interested in price differentials, not the levels, and therefore the natural unit of
measurement is the futures return.

Figure2. Openintcrestpos¡llons

t0 n0

Consecul¡Ye months
Data source: Potato Futures Markets Foundation

Tåble l. Unit root t¤st¿

h= 0.99999 P. - + 0.01138ÀP¡- P, = 0.001,19 + 0.9995 ,- P!- + 0.01180 ÁP, - ,

(.00019) (.01948) (.00548) (.00159) (.0r955)

Tb= -0.O526 DW = 2.0O06 T = -0.2704 Dw = 2.0006

AP, = 0.61694AP¡ -' - 0.29014A'n -, ÅP, = 0.00004 + 0.61694An - t + 0.29014!'z Pt -'(.01925) (.01869) (.00075) (.01925) (.01869)
T = -19.89922 DW = 2.3596 T = -19.89922 DW = 2.3596
oP 

: logarithm ofthe futures close price (standard errors given in brackets).

'Unit root test statistic X
Critical values fo¡ lare given in Fuller [97ó], Table 8.5.2.
?n < critical value implies rejection ofunit root on a 5 9o significance level. I > critical value
implies no rejection ofunit root,

The stylized facts of our data series are presented in Tables I and 2. The unit root
tests inThble I confirm'0 that the levels ofprices are clearly nonstationary,
whereas stationarity is not rejected for the retu¡ns. 1äble 2 presents summary

eThis abstracts from the fact that potato processors may have opposite inventories and,
subsequentl¡ opposite hedging positions.
r0Moreover, in efficient mârkets, price levels are often nonstationary, while returns are stationary.

ï

ll

r

iiesr¿

statistics for all three return series. All series have a zero mean and are
symmetric on the basis of the l-test and,S-test, respectively. The K-test points
strongly toward fat tails for all series, the most so for the close prices, and the
joint test, "I, rejects symmetry cum absence of a high kurtosis."

Tâble2. Summarystatistics

Sample variance c.0011.15 0.001040 0.000984
Sampleskewness - 0.1ó9 0.435 - 0.118

Sample kurtosis + J 15.435 7.001 8.044
1-test¿ 0.093 0.064 0.t29
.9-teslö 5.38: '1.82t 4.4t4
1{-lest' (2.550, 3.450)

t7t98.2 1863.0 2834.2
or ( f¡ = ¡¡s¿nTrlvariance/ I), and ?' is the sample size.àS = 2 (#observations belorv mean - T/z\/iT - N(0,1) as 1'- æ.

= 9590 confidenceinterval underh¡rpothesisof normality.oJ = I(skewness¡/ó+(kurrosis)r/24)- t¡(2).

In addition, rve plotted the first two sequential momenÌs in Figure 3 as proposed
by Mandelbrot [983]." Altogether this information indicates a fat-tailed
distribution for all three series.

Figure3. Sequenlial moments: meân and iariânce forclosefuluresÌelurns

320

Samplesize

640 9ó0 l2E0 1600 t920 2240 25ó0

| | Leptokurtic distributions are characrcrized by a concentration of probability mass around the
mean and tails of the distribution.

0 Mean
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0.015

0.0t 0
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r2Figure 3 reports the close prìces. Similar results were obtained for high and low prices.
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Figure 3. (continued) more than lowering o for low nrlevels. With high n, theinclusion of part of the
center of the distribution makes the bias part of the MSE dominate the variance
part, and this effect is more serious than the inefficiency due to using few order
statistics. So the U-shape is asymmetric. Based on this information, we decided
to choose m conservatively and not use too many observations in ou¡ actual
estimation. The tail index estimates are conditioned on m : 55 and are reported
in Table 4.

T¡ble 3. MSE, biæ squared and mlevels' (Monte C¡rlo experiments)

m a=l s=2 c=3 q,= 4

!h¡iance
0.00r5

0.0013

0.0010

0.0008

0.0005

0.0003

0.0000

305 .0043 .01l7 .0240 .0347
(.30) (.97) (.98)(.89)

[.00331
135 .0073 .0038 .0067 .01l0

J20 640 960 1280 1600 t9?0 2240 25ó0 a=4 (.00) (.05) (.13) (.50)

t.00l8l
Samplesize
Datasource: Potato Futures Nlarkets Foundation

With the above information rve proceed to investigate how far-tailed the
distributions are. To achieve this, we apply exrreme vaìue analysis and estimate
the tail index 7. Recall that "y is defined as the inverse olû. We decided to focus
upon the Hill es¡imator, ^/ r , as Conditions 2 and 3 seem to be satisfied by the
return series.

Since it is not known horv to choose rn in equation (5), rve firsr conducred a
Monte Carlo experiment to establish an appropriate rn level s,ith mininlal VISE.
We simulated rvith four different Studenr ¡ disrributions rvith l,,r 2, 3, and.l
degrees of freedom, respectively. The values for cY rvere chosen rvith an eye
torvard previous sludies by Cornerv et al. U9841, Helms and lvlarrell [1985], and
Hall et al. [989], rvho find values for o berrveen I and 2. The higher values lbr a
are based upon the information revealed in Tables I and 2. Because ofthe
conditionality of 7rr upon the sample size, r, l00replications of 2,668 draws
rvere taken, and 7r was esrimated for /n = l, . . ., 750 with step size 5. Þble 3
reports the minimizing m-levels and associated Nf SEs.

Along the diagonal, the minimal MSEs for a given a can be found. Theoretical
MSEs (1,/ma'?) are close to the simula¡ed values. Several observations can be
made. First, as noted in Koedijk et al. [990], the minimum n-levels vary
inverselywith thetrue tail index, a, i.e., a lower o means fattertails and thus
more available outliers. Second, a U-shaped relation between MSE and ¡r
expresses the trade-off between efficiency and bias. Third, as in Jansen and de
Vries [990], it is found that for a high rn, increasing d dereriorates rhe MSEs

¡3This is the Cauchy distribution, i.e., a sum-stable distribution, as well.

uThe left-hand column reports minimizing rnJevels for a given tail index, c. The MSEs are
reported for di llerent (rr.q) pairs together \yit h the biâs squared as a percentage ot the ÌvlsE
bet\ì een (. ) parenrheses. Theoretical i\lSEs are presented between [.] brackets.

Table4. Tlilindexest¡mates'

Se¡ies ' Upper tåil e !taximum Lower tril q !linimum
Close 1.28 0.33 1.82 -.J5

(1.-u -.1. t 5) (2.08 - 3.56)
High 3.l5 0.21 3.30 -. t9

t2.lr- -,+-21) -1.17)
[-w 3.65 0. l6 3.23 -.23

(2.69 -1.61) (2.38 -+.08)
'Table 4 represents a estimates rvith their 95 Øo conlidence intervals bets een brackets tbr both the
upper and lower tail. ìVlaximum and minimum sample returns are given as t ell.

All estimates are significantly above 2, according to the 95 percenr asymptotic
confidence intervals. Whereas other authors on commodity futures, like Hall et
al. [989],'' find values for a significantly below or equal to 2, our results
strongly reject the stable class as an appropriate distribution model.'5 We
conclude that futures returns are fat-tailed in comparison with the normal
disnibution, but still possess a finite variance.

An interesting question is whether there are significant differences among the
estimates for high, low, and close data. Maintaining independence among the
roThese authors ¡efer to Cornew et al. [9841, who found values for o significandy below 2. Together
with Helms and Manell il9851, rhey ag¡ee upon the sum-stable distribution as an appropriate d.f.
for commodity tttures.
r5To test whetherthe thinness ofthe potato t'utures marketcauses this result, we did the same exercise
for the U.S. oil and coflee futures mârkets. Simila results we¡e obtained.
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three series, we can rest for this by means of the following statistic, e
o:l:--\'^,. [; -,i|'^", (8)

Specifically, it gives the probability of observing a daily return above a given
level over a period of k=260 days (a trading year) and k= t day (a trading day).
FromTàble6, firstcolumn, wecanseethat'(excessive" retu¡ns, i.e., higherthan
20 percent, are likely to occur during thetrading year ofa potato contract. A
daily yield in this period higher than 35 percent still carries about I percent
probability, i.e., it occurs on average once every 13 years. As we did not observe
any daily returns in our series above 33 percent, the empirical distribution
function is not informative for returns exceeding this level. Here, extreme value
theory was usefully employed. Whereas the empirical observations limited our
judgments top > k,/¡r, the limit law extends our knowledge to far smaller
probabilities, such as .027 in column one.''

Täbles like the one presented above can be useful for investors trying to minimize
the possibility of a one-time extreme return. Knowing the tail index estimate for
several commodity futures, they can easily compare the probabilities of extreme
returns. Another application is the comparison of different values for k,
allowing the investor to evaluate different holding periods of the contract. Thus,
a useful maximum-risk assessor has been added.

This paper examined the probability of extreme returns on the pota[o contract.
This probability, as characterized by the shape ofthe distribution, is
parameterized by the so-called "tail index." Instead of looking at the entire
distribution,'' rve focused on the taíl behavior of futures returns, because !hese
high returns combined rvith low probabilities are essentially a tail phenomenon.
Applying the limit larv for extreme values enabled us to nest different
distributional models. We es¡imated the tail index for high, lorv, and close
futures returns, and the results point torvard the S¡udent ¡ distribution rvith
about 3 degrees of freedom or an ARCH process. These distriburion classes
possess a finite mean and variance but have intìnite higher moments.

The tail estimates rvere used to generate probabilities on excesses. Tàble 6, in
Section III, indicates that large srvings in returns still possess a high probability
in comparison rvith rvhat is commonly thought. lt firmly establishes that the
normal distribution is an inappropriate tool to assess the full spectrum of risk.

The techniques we used prove promising for further research. Comparing
extreme risks of several futures contracts might help investors and even
producers to get a better grip on the inherent risk profile of the futures markets
for primary commodities. An application for the clearinghouse might be the
imposition of trading limits according to lorv excess probabilities. This surely
gives more reliable rvorking rules than the rules of thumb still in use in several
commodity futures markets.

rTFor the retu¡n series, the limit t/n is equal to.097
r8See, forexample, Halletal. Ir9891.

where the a and rn are as in equation (5) and the subindexes refer to two
independent samples that are asymptotically x,(2) distributed. Table 5
investigates the equivalence ofc by means ofthe Q-test in equation (8).
Equivalence among the series is never rejected at the 5 percent significance level

Table5. Equ¡Yalence0-rest

Ser¡es with
upper lail â

Series with
lower tail Âlnterv¡l Interval

Close - High Close - H¡gh
3.28 r.35 (2.54-.1.09) 2.82 3.30 (?.35_3.63)
Close - I¿w Close - I¡w3.28 3.65 (2.66 -4.22) 2.82 3.23 (2.32-3.66)

- I¡w - [¡w
(2.69-1.3.35 3.65 3.10 3.23 (2.50 - 4.03)

IV. Conclusion
Forecasting futures prices is more or less a hopeless task, as these prices follow
approximately a random rvalk. Therefore, other courses have to be pursued to
extract usèful information from the extensive futures prices data bases. For the
returns, extreme value theory has an important tèature to offer. Traders on
futures markets have to make an investment of about l0 percent of rhe actual
futures contract value, i.c., the so-called "margin requirement." At the end of a
trading day, all open contracts are settled artificially at the "close" price.,o
Investors, as rvell as the clearinghouse, are therefore very much concerned with
large swings in these close prices. Major iìuctuations may cause large gains or
losses that inflict liquidity risk on the clearinghouse and the rraders.

Extreme value t heory offers ways to assess the likelihood of such ,,excessive' '
movements. On the basis of equarion (7), Þble 6 provides excess levels io given
a probabilityp and for period lengths k:260 and k= l.

Table 6. Excess prob¡bil¡t¡es

Excess probabil¡ti¤s (p)
k=260 k=l

Excess level (ir)
(retIrns)

.126 0.00r 64 .20

.224 0.000862 .25
l3l 0.000504 .30

.083 0.0003 l9 .35

.055 0.0002 l2 40

.027 0.000104 50

.016 0.000062
Excess probabilities are reporred on the basis ofthe close series (upper rail) estimate for û reported
in Table4, fork=260, k=l,andr=m/2

róThis is the reason we choose close pricc data. s¡nce contracts are actually sertled at this price, it
might be regarded as rradedara.
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